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NV LORD, ,. 


| $ l eſteem it a very great Honour to 
be permitted to place the following 
: Sheets under your Lordſhip's Pro- 
tection, who are not only an Encourager of, 
but an Ornament to, Mathematical | FD 
; I have taken more than ordinary Pains, 
that, What is here uſhered into the World, 
with ſuch Advantage, may not be found al- 
together. unworthy of ſo „ a 
Fin ok 


I am not vain enough to imagine, that, to 
One ſo deeply read in Zheſe abſtruſe and cu- 
rious Speculatians, as your Lordſhip i is uni- 

A 2 | very. 
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DEDICATION. 


verfally allowed to be, this Work will appear 


without Faults: But then, I have the Satiſ- 
faction to think, on the other hand, that, 
whatever is Here to be met with capable of 
bearing the Teſt of an exact and ſolid Judg- 
ment, will alſo have its due Weight, and not 


fail of receiving your Lordſhip's Approba- 
. tion: Andif, upon the Whole, there is Merit 


enough found. to entitle me to a fayourable 
Reception, it will pany the higheſt Am- 
bitin of, a 


o 
. - 


Mx LoxvD, 


Dur Lonpenty's 


: * 25 
* ona, ne are 
Tho. Simpſon, 


4 Piece, on this ſame Subject, under the 
Title of A Treatiſe of Fluxions (whereof. 
the whole Impreſſion hath been long ſince fold) 
it may be proper here, firſt of all, to aſſign the 
Reaſons why this Work is ſent abroad into the 
World as a New Book, rather than a Second 
Edition of the ſaid Treats, - Which, in ſhort, 
are theſe two: Firſt, becauſe the preſent Work 
is vaſtly more full and comprehenſive ; and, ſe- 
condly, becauſe the principal Matters in it which 
are alſo to be met with in thit Treis, "are | 
| handled in a different Manne. a 


Hz in the Year 1937, publiſhed 


i the Preſs-Errors with which the 
7 Treatiſe abounds, chere are ſeveral Obſcu- 
rities and Defedts (which the Author's Want of 
Experience, and the many Diſadvantages he then 
laboured under, in his firſt Sally, may, it is 5 
15 "ow: in 18 we excuſe.) at what is 


no- 


0 * ay vt? „ 4 A 3. f 4 * , 1 \ 
S's * 1182 1 . 14 4 2 a \ » "> A . 1 
ks ; by 


"Fu 


* 
| 


& 
k 


PRE FAC E. 
now offered to the Publick, being a Performance 
of more mature Conſideration and Judgment, 


it will, 1 flatter myſelf, be found much more 
correct, and claim a favourable Reception; eſ- 


pecially, as particular Care and Pains have been 
taken to put every Thing in a Clear Light, and 


to oblige the lower, as well as the more expe. 


| rienced, Claſs of Readers. 


nn Notion and Expliestion Here given of- 
the firſt Principles of Fluxions, axe not efſen- 
tially different from what they are in the above- 
mentioned Treatiſe, tho expreſſed. in other Terms. 


The Conſideration of Time, which 1 have in- 


troduced into the General Definition, will, per- 
haps, be diſliked by Teſe who would have Flux- 
ions to be meer Velocities: But the Advantage of 
conſidering them otbertuiſe (not as the Velocities 


Themſelves, but the Magnitudes They would, 


uniformly, generate in 4 given finite Time) ap- 
pear do me falbgmnt.co aan ern, Fare M | 
that Head. Ane | 


dk 
15 


a _— 1% PAY q 


Bx taking F W as meer leite, the 
Iwagin aber is confined, as it were; to a Point, 
and, without 12 5 Cate, inſenſibly 1 involved in 
metaphyſical ifficulties: : But according to our 
Method of c concejving, and explaining the Mat- 
ter, leſs Caytion j in the Learnet is neceſſary, and | 
the higher Orders of Fluxions'a are rendered much 
more eaſy and d intelligible —— , tho Sir 

. | | Tſaac 


PRE F: FY: 0 E. i 

Tjaac Newton defines: Fluxions to be he aan 
, Motians, yet He hath Recourſe to the Incre- 
ments, or Moments, generated i in equal Particles 
of Time, in order to determine thoſe Velocities; 
which he afterwards teaches us to expound by 

finite Magnitudes of other Kinds: Without 
which (as is already hinted above) we could have 
but very — Ideas of the higher Orders, of 


*"'7 +4 


FR: difficule | to- conceive, that, Some wg Javits 


gone ſo far as to diſpute the very Exiſtence, of 


Motion, how much more perplexing muſt it be 


to form a Conception, not only, of the Velocity 
of a Motion, but alſo in infinite Changes and Af. 
fections of It, in one and the ſame. Point, diba 


ol the Orders of Fluxions ate to be conſidered 2 2. 


\ 


SEEING the Notion of a F "2h accoodiag 


to our Manner of defining It, ſuppoſes an uni- N 
form Motion, it may, perhaps, ſeem a Matter 


of Difficulty, at firſt. View, how the Fluxions 


of Quantities, generated by Means of accelerated 


and retarded Motions, can be rightly afligned , 
ſince not any, the leaſt, Time can be taken during 


which che generating Celerity continues the ſame: 


Here, indeed, we cannot expreſs the Fluxion by 


any Increment or Space, adlualhy, generated in a 
given Time (as in uniform Motiqns.). But, 
chen, we can ealily determine, what the contem- 


Pataty Ice went, of generated! Spacg would, le, 


* * Acer. or Retardation, | was to ceaſe 


; 
+ + #S 
1 : 
„ 
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 POBPLACE 8 
at che propoſed Poſition in which the Fluxion is to 
be found: Whence the true Fluxion, itſelf, will be, 


obtained, eee ee eee 5 


en or Hey EY Se 
Tu for Saen 1 Motion OY a Ball, de 

1 by the Force of its own Gravity, is con- 
tinually accelerated; but to have the Fluxion of the 
Diſtance fall'n thro? at any given Poſition: of the 
Ball, we muſt find how far the Ball would, uniform-- 
1y, deſcend, from that Point, in a given Time, if the 
Gravity, 'or the Earth's Attraction, from: thence, 
was to ceaſe acting. By which Means we ſhall have as 


clear an Idea of the Fluxion and the true Meaſure of | 


the Velocity of the Ball, at any Point aſſigned, as in 
thoſe Caſes where the Motion is, aualh, uniform. 


5 Acam, if a Right- line be ſuppoſed to move 
parallel to itſelf with an equable Motion, and to 
increaſe in Length, at the ſame Time; the Area 
generated thereby, will increaſe witli an accele- 
rated Velocity: But the Fluxion thereof; at any 
given Poſition of the Line, will be ha# by taking 
that Part of the Increment which would, uni- 
formly, ariſe, was the Length (as well as the 
Velocity) of the Line to continue invariable from 
the propoſed Poſition. For, if the Length be 
ſuppoſed to increaſe, from the ſaid Poſition, the 
Area generated, from thence, will be, evidently, | 
greater than That Which would uniformly ariſe 


in'the'fame Time 5 ſince the new Parts, produced 
10 each 


| PRE FA 0 Bi 5 
| each ſucceeding: Moment, are greater and greater 
Therefore the Fluxion myſt be-lefsthan any Space | 
that. can be deſcribed; in the given Time, when 
the Line increaſes... And, in the ſame Manner, 
the Fluxion will appear to be greater than any | 
when the Line decreaſes, - I, maſt, therefore, 
| be: <qual'-to that Space, which will ariſe, when 
the Length of the generating Line, from the given 
| — beither to ne 
" e wich | it ſeem's 1 Here 
with regard to the Firſt Principles I ſhall now 
_ proceed to fay ſomething concerning the Order 
_ obſerv'd-in treating, and putting together, the 
ſeveral Parts of the Work; wherein the Eaſe 
and Benefit of the younger Beginner have been par- 
ticularly conſulted : To load ſuch an One with & 
Multirude of Rules and Precepts, before giving 
him any Taſte of their Uſe and Application, 
would, certainly, be very diſcouraging; and like 
obliging a Traveller to aſcend an high Mountain, 
without allowing him to ſtop by the Way, to take 
Breath, and refreſh his. Spirits with a Proſpect of 
the agretable and extenſive View he has to expect 
when he arrives at the Summit: I have. there- 
fore, after demonſtrating the Firſt Principles, 
| proceeded immediately to exemplify their Utility | 
in ſeyeral entertaining Enquiries, before touching 
nn or the more. dif- 


ficult 
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ficult Parts of the Direct. And, ſince that Branch 

of the Inverſe Method which treats of the Com- 
pariſon of Fluents is, naturally, ſomewhat difficult, _ 
it is referred to the Second Part of the Work, to- 


_ gether with ſuch other Matters in the Theory as 
might appear, either, too tedious or hard to a 


Learner at firſt ſetting out. The like Care has 


been taken in the Diſpoſal of the reſt of the 


Work As to the ſeveral Particulars whereof 


I is compoſed; I muſt refer to the Book itſelf, 


They being too many to be here enumerated: 


One Thing. however, I muſt not omit to take 


notice of, relating to that Part. which treats of 


the aforeſaid- Buſineſs of Fluents: To which it 


may, perhaps, be objected, That, notwithſtand- 


— 


ing my having inſiſted ſo largely on the Subject, 


there are a Number of Forms of Fluxions 


and Fluents to be met with in Authors, that I 


have not ſo much as touch'd upon. This is 
granted; but then they are moſt of them ſuch b 
as, I dare pronounce, can never ariſe in any In- 


quiry into Nature: And it would, doubtleſß, be 


Time and Labour miſapply'd, to ſwell the Work, 


and embarraſs the Learner with. a Number of un- 


"neceſſary: Difficulties, and. empty : Speculations ; 


when what is, really, proper and uſeful, in the 


Subject, is ſufficient (it is well known) to wed | 


ciſe his 1 Nen ang Reſolution. 
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ie Cannot pur an End to this Preface kot 
e my — to a ſmall Tract, 


in- 


on the Theory, printed for W. Innys : Wits by a 


worthy Friend of mine (who -was too mo! 
put his Name to that, his firſt, Attempt) w 
Manner of det the Flu ; 
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antities, and toil * 

5 7 of Bn e 2 
© Jens; 8 nd Painter,” SK ec GL FED 
2. Trigonomietr N 8 lea, with che Con- 
ſtruction and Application to nnn * , 
Edition, 8vo, 15s. 64. 

3- A Treatiſe of Algebra ; wherein the fundamental 
Principles are fully and. clearly demonſtrated and 


applied to the Solution of a great Variety of Prob- 
lems, and to Number af ches ue ] 8 88 88 
a the Fo 6 n, Ev, . 


matics, 8vo, 59. 6 2 * XS. 


wy 8 
S. The Doctrine of Annuities and Rey erlipns, deiliced 


from General and Evident Principles: with uſeful - 
Tables, ſhewing the Values of ſingle and joint 
Lives, &c. at different Rates of Faw. the Second 
Edition with the Appendix, 8vo, 3s. 


6. Eſſays on ſeveral curious and uſeful Subjects in ſpe- 
culative and mixed Mathematics; in which the moſt 
difficult Problems of the Firſt ans Second Books 
of Newton's Principia are explained, 4to, bs, 


* Mathematical Diſſertations on a Variety of Phyſica 


and Analytical Subjects, 4to. 78. 


8. 3 Tracts on ſome curious and very in- 
tereſting Subjects in Mechanics, Phyſical Aſtro- 
nomy, and Speculative ä 4to. 75. 
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N ankle wfoons prepeboldes of che i of 
Fluxions, all Kinds of Magnitudes are to be 
cConſidered as * by = continual Motion 
of ſome of Bounds or Extremes ; as" 4 
| + (Line by the Motion of a Point; -a' Surface by 
the Motion of a Line; and a Solid by the Motion of a 


+. * 


Surface. d 


2. Every Quaneity ſo generated i is Salbe a variable, or. L 
— Quantity: And the Magnitude. by: which amy 
Luantity woULD BE wnifermnly incrraſad in 2 
Troy rtion of Time, with the 2 Celerity at any 
1 Dn to con- 
tinue.invariable) is the. heats of fa , at 
that- Poſition, or Inſtant. | 


. 
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form from that Point, be ſufficient to deſcribe the Di 
tance, or Line Rr, in the given Time allotted for the 


— —Lͤ—ü— — „ — 
— a, un Anne — — 
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. Nature and Inveſtigation 
"Thus, let the Point m be conceived to move from A, 
and generate the 


E ; variable Right- 
A 8 R line Am, by a 
9 Mäotion any how 


: 1 Dy =E regulated ; and 
let the Celerity thereof, when it arrives at any propoſed 


Poſition R, be ſuch. as. would, was it to. qoarioue, po 


Fluxion : Then will Rr be the Fluxion of the variable 
Line 2 75 that Poſition. | 8 y 

3- The Fluxion of a plane Surface is congeived.in 
| „ like Numer, 


B 222 8. "ag of by ſuppoſin A 


1 S365 : mins mm to 
BEN ol 17 to itſelf, in 
R „ the Plane of 
—:. etal, 
and immoveable Lines AF and BG: For, if (as above) 
Rr be taken to expreſs the Fluxion of the Line Au, 


2 b 
3 
+ ö 


and the Rectangle RrsS be completed; then that Rect- 


angle, being the Space which would. be uniformly de- 
ſcribed by the generating Line mn, in the Time that 
A weld be anifonnl}Wacreſed''by wv, 6 chice 
the Fluxion of che generated Rectangle Bm, in that 


Poſition, according to the true Meaning of the Deh- 


nnn 0p 5 : : * £8, | 
4. If the: Length of the generating Line m cön- 
cinually varies, —— of — will fill be 
expounded by a Rectangle under that Line and the 
Fluxion of the Abſeiſſa, or Baſe: For let the cur- 
vilineal Space An be generated by the continual, and 
parallel, Motion of the (now) variable Line mn, anld 
jet Rr be the FHuxion of the Büſe, of Abſciſſa, An (as 
before) ; then the Rectangle RrsS will, here alſo; be the 
Fluxion of £78 ve agen pace Anm Becauſe, if the 
Length and Velocity of the generating Line mn were 
LES 8 | SE to 


to continue invari= _ | Ip 


then be uniformly 


— 


with it begins to be ED 


* 


r FLUXTONS. 


able from the Poſ © 8 
den RS, the Rec. 
angle Rr5S. would 4 


generated, with the 
Very Celer ity where-.. 5 


38 JJ. CO OR 
vhich the Space L_____M dm 

Amn is increaſed in A RK 7 . 
that Poſition, _ | F 
S. Fram what has beep bitherto ſaid it will appear, 
that the. Fluxipns of ; Quantities are, always, as the. 
Celerities by which. the quantities. themſelves increaſe in 
Magnitude : Whence it will not be difficult to form a; 
Notion of the F luxions of Quantities otherwi I 3 


as well ſuch as ariſe from the Revolution of Kight-lines 


and Planes, as thoſe by parallel Motion: But of this here- 
after. I come now to ſhew the Manner of determin- 


ing the Fluxions of algebraic Quantities; by which all | 
others, of what Kind ſoever, are explicable. But firſt 
of all it will be requiſite to premiſe the folowing'Ob- 


ſervations. 


I. That the final Cattery u, W, X, y, 2 of the Alpha- 


bet are commonly put for variable Quantities; and the ini- 
tial. Letters a, b, c, d, &c. for invariable ones: Thus 


the Diameter of à given Circle may be denoted by 4, 


and the Sine of any Arch thereof (conſidered as 'varia- 


ble) by .. 0 
II. That the Flaxion of a Quantity repreſented by a 
ſregle Letter, is uſually e abe by the ſame {goo with 


4 Dot or Full-peint over it : Thus the Fluxion of & is 


repreſented by &, and that of 7 by 5. AS, | | | 
Ml. That tht Fluxion of a Dyantity which decreaſes, - 
ined of emi, is to be ifi ts aal... 


a p 4 4 
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the Diſtance v, the Point n moves over the Diſtance. 


Te Nature and Troeftigation 
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"PROPOSITION. IL, 


6. The Fluxion of 4 *Dnantity being given, it is propoſed. 
to find the Haube / any Power of that Santi, das 
As a cleat underſtanding of this Problem will be 'of 
great Importance throughout the whole Work, it may 
not be improper to conſider it firſt in one or two of its 
moſt ſimple Caſes. . 
Ca i. Let x expreſs the Fluxion of x, (according 
to the foregoing Notation) and let the Fluxion of * 
; ²˙’iöͥB ⁵¹ s Ä— nan" 25206 
"Conceive two Points m and n to proceed, at the ſame, 
time, from two other Points A and C, along the 
Right-lines AB and CD, in ſuch ſort, that the Mea- 
ſure of the Diſtance CS (5), deſcribed by the latter, 
may be, aliuays, equal to the Square of that AR (*), 


1 


deſcribed by the former moving uniform). 


oon met. 
* 7 7 * 3 


* e 8 
R M m, 06 9% 1 4990 
5 : ; 8 9 2 Ty 12 2 * 7 5 wy ; d 
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Furthermore, let v, , and R, 8, be any contem- 


porary Poſitions of the generating Points, and let the 


Lines & and ̃ repreſent the reſpective Diſtances that 


would be uniformly deſcribed, in the ſame time, with 


the Celerities of thoſe Points at R and 8, then thoſe 
Lines will expreſs the Fluxions of Au and Cx in this 
Poſitian, ,( by the; Definition, Art. 2 and g). 
Moreover, ſince Cs = A r* aka S = AR* h 
Hypotheſis), if Rr. be denoted by v, we ſhall have Is | 
(3) = x*, and Cs (= x —vÞP) = 2 +, and 


conſequently 8s ( = CS -CH) = ½ - i from 


whence we gather, that, while the Point m moves over 


4 


FFLUXTONS.” 
2 — . But this laſt Diftarice- ot "he 555 | 


any Quantity is known to increaſe faſter, in 


tion, mou the. Root) is nor deſcribed with a an uni form 


22 we. that 1 be deſeribed with the 1 mean 
at ſome intermediate Point e, in the ſame time. 
reſore, ſecing the-Diſtances that might be deſeribed, 

in — times, wick" the uniform Celerity of m, and 

the mean Celerity at e, are to each othet as v to 2 

*, or as 1 to 2x—v, or, laſtly, as x to 2x5 — ur, 


(all which are in the ſame Proportion) it is evident, 


that, in the time the Point m would move uniformly 


over the Diſtagee xy the other Point u, with its Cele- 
rity. at way move uniformly over the Diſtance 225 


us. 


is being the Caſe, let u, R, and 5, 8, be 


now ſuppoſed to coincide; by the Arrival of the gene- 


rating Points at Rand 8, then (being always between- 
s and 8, will likewiſe coincide with S; and the Diſtance, 
2x+—xx, which might be uniformly, deſcribed in the 
aforeſaid: time, with the Velocity at e, (now at 8), will 
become barely equal to 2&4; Wich 92 => Os is 
equal to 0 59. the true Fluxion of C ox x 


* It may, ad, ſeem inaccurate, that the Fla . 55 
and & are compared _— and exprefſiad both 2345 

zvhen the flowing Duantities t . er confidered as a Rigbt 
Line and a Square, admit of no Compariſon. ——==This Objefion 


would, indeed, be 9 A were the 1 reſfrained to a 
| geometrical Tee but here our - Notions are more 2 


firafted and uni uerſal, not obliging us to regard what Kind i 
22 may be defined by ibis or that Expreſſion, but ' 
aluts of the . Quantities thereby fignified ; 7 | 


. ewhich the Maaſares of all other Quantities whatever are ulti · 


mately referred. And, though Quantities of different Lia 


cannot e compared with each — their Meaſures, in Num- 5 
bers, may. . ny 2 though it would be wrong 


to affirm, that 4 8 boſe Area is 9 Inches is equal jo a 


Line of 9 Inches lo, yet 472 is no Impropriity* at all to ſay the 
— expreſſing their 8 in Inches, are equal. e | 
7» Caſe 


6 


— 


Tze Notare and Inveſtigation 
| & Caſe 2. Let the Fluxion of a? be required, 
* "Suppoſe every Thing to remain as in the preceding 
Caſe; only let Cn be here equal to the Cube of An 
(inſtead of the Square). 

Then, in the very ſame manner, we have Ss ( C8 
Cie ä = r v -- +y* : From whence 
it appears, that the Diſtances which might ze deſcribed, 
in the ſame time, with the uniform Celerity of m, and 


the mean Celerity at e, will, in this Caſe, be to each 


other. as v to 38 — 3xv* + v, or as & to 3 * — 
zzvx+v*x : Which laſt Expreſſion, when , e, and 8 
coincide (as before) will become 3 * the true en 


of & requir 


. Univerſalh. Let Cs be, lan egit th N 
Aſo let x—z1" (or x—v raiſed to th Fower whoſe _ 


Seen is 1) be repreſented by x 33 "v+bx" 
co v, &c. and let erety en be e 
as above. 

Then, ſince Ss (* — yo = a” TOE. 7 


T , Cc. i t is plain that the Spaces which m 
be deſcribed, in the ſame time, with the uniform 8 
lerity of m, and the Er en at e, will, here, be 


to each other as v to * 1 ee, Se, 


or as x to ar x—bs N vi Ker 888 302 *, 3 3 
Therefore, all the Terms, wherein vis bea: vaniſh- 


ing; when , e, and S coincide, we. have ar 8 for 


the required Fluxion of Cn, or *; which Wa 
becauſe the numeral Co- efficient of the ſecond Term of 
a Binomial involved is known to be, nxver/arly, equal 


ts the Exponent. of the Power, will alſo be truly ex- 


9. 17 the et = (vr ) be g 
accelerated, ot a cr e 


2 . - 7 
— a 
MA * 1 
of an um 
* RAY 4 8 17 US 


of FLUXIONS. 


form one, the Fluten of * lor Cn). will come out 
eraclly the fame: 

For the Spaces R 7 FI actually deletibed in the 
fame time, "bring a Ways, to each other, in the Ratio 


of 4 to ar wh „ wks c. the mean Celerities, a 
at certain intermediat e Points between 2, R and , 8 
muſt, alſo, be in that ir Ratio: Which, when v yaniſhes 


(as above) will become that of + to ar iber, — 
| the very ſame as hae, 6:5 


| PROPOSITION * 
10. *. To od the Flugion 9 4 Span the Product or Roh * 


fie var ities, 9 5 


N two emp DE and m pw 

"avian; to each 

other, to move, A Sts Git ; hy p 
om tw] o other l : WEL Fu bim F$-- + * 

ight - lines, 7 5 0 .- 


BA and BC, 


continually pa- 


rallel to _ 
ſelves, _ 
thereby 


NA (A 


= g 


Le Path of their : 


F 


$0 


þ : 7 
1 >, 4 — 
2213 : x» i} 
* * 


2 3 


* 28 ** 
* & * * * 
w % * * 


nterſeftion, or the Lol of the An Ie H. * 1 Zi 7 


of te 


— the Area, or Spade R 


qual eee . 


alſo let D4(=) and F f G be the Fluxio 
Sides BD l BF 1 5 
parallel to DH and FH, be dran. 
. vauſcithe Fluxion of the Space or Area B 
. expreſſed by the Non 


_— am and 


Therefore, 
3s tra 


le Da () and that ® Art, . 
H, by tc Refinagic are | 
have equal busen, it f 2 hat Fe 
of te Rel 5=DF( BD 

* 


th 


| 
! 
| 
| 


2 


9 x 
* 


writing = 91 802 — —— ldi u he tre Fluxi 


1298 


ein Eng ee e 


| Taloquon Corollari e th 


be Nature and; Inveſtigation 
The ſame otherwiſe... . 3 


ral Let ay be the given Redtangle (as beſore) 3 and 


put * =x +, then a being =o" 40 + 57 ee ave 
** Tg — xy — XY, . But the Fluxion of 22˙ — 3 

— 27, (and conſequently that of its Equal xy is æ 
5 (by Art. 6): " Which, becauſe x= y and 


E is alſo W to e eee 


41 — ER 2 =7 . 82 - 


— 


ens mn Ae u 25533 2 St 21 


12. Hence the Fluxion of the Produ@. of three va- 
riable Quantities (y=z) may be derived: For, if æ be 
put = zx.; then yx will. become &, and its ene 


SM + af (as I But x being = zx, and, the 


fore, & = zu + wks if theſe Valu Values be ſubſtituted i in ix 
-+ 5 it will become y x zu + = f 
Zu5 the Fluxion of yz# required. In like Manner the 
Fluxion of .ayzu will appear to be xyzu + xyzu + 
rau + Hu, and that of you To OY 
, _ Yew TIO 


7 2 > h . | 2 2 4. It e 


„ Hence, alſo, the Fluxion of a Fration © may 


- — — 


8 > putting 4 —, we "have r, 
ee whence, by 
J Bt . 


N. no 44 


* 
3 * 


14. Now, from the foregal 


2 


of PLUXION 9/3 


for detormining the N of _—_— Quantities, 


are obtained. 8 eT 5 


= LE 5 t "22 R v L = 1 2% 3 80 
To find the Fluxion of any given Wr Ms, vi- 


able Quantity. . 


Multiph the Fluxion of the Root by the Exponent of the 


| Power, and the Prader by that Priver of jt 2 


xpontnt is Iſs by Unity than the grven Exponent. 
Hun Red ir eee 


Words. 


S +4 %.* 


e = 3 
conſtant, 5 is the trus Fluxion of the Root's+ yin this 


-aſe)., 


' Moreover the Fluxion of 7 Tz), | will be 2 x 2x8 


in Prop. 1, and is nothing 
more than 1 N | 


* a* +18, or 33 Fr =: For here, x being put 


= + 2, we have + = 2, and therefore 3.x 44, the 


e refer, 


„ © 

36, To find the e Product of feral 
variab 7 Wr together. 

Multiph * „„ the Produsr of the ref 

Soap” a erg Sum of the Put n ari- 
It will be the Fluxion ſought, 

Thus the Fluzion E N. is + 98 that of os, i 
gt and that of ya, i e 


Aut. 12. 


10 The: Nature ani Inveſtigation 


i. 5x "i 8 
16. To find the Fluxion of a FraQion. RS 
From the Fluxion of the Numerator drawn into the De- 
 nominater, 8 the Fluxion ef the Denominator 
the Numerdtor, and divide the Remainder by © 
Art. "the. Square E the N E : 


. 
* 


Thus, the Fluxion of —is ===, 0145 is 
3 


— * —— 2. ;. and that of; The 
my 


or 1+ I is 2 3 and ſo of othirs 
_ 1 Ty 21 Sg fl * 
17. 8 . Examples hitherto i en, each is reſolv 
its own particular Rule; but in pow that follow, the 
UT of two, and Jometimes of all the Pen Rules is 


uiſite. 
bus (by Bale 1. and 20 the Fluxion of x? is 
Nes thatef N Er. (% 44 
1. and 3.) and chat of . 29 r 


— 2 
37809 
2? KS: 


where all the three Rules. Are nece 
When the propoſed Quantity is ae Red by a Co-efh- | 
cient, or conitant Multiplicator, the Fluxion found! as 
er muſt be multiphed by that Co-efficient of Mul- 
bi CAator. + Y AL? 044 e ; 
Thus, the Flüaden of 548 is 18%. For; dhe Hu- 
oy xion of x* being 3 r, that of 5%, which is 3 times. 
2 great, muſt contequently be 5 K 2x*z, or 19 | 


| And, inthe very fame Manner the Fluxion of a will 
appear to be nax” F. 5 the Fluxion of 
re. OT 4 XR K* N 13 will be n by 
1 „ 


> ww && 
/ 


JE + 4 
. — 
12 
K 


: neg FU 10 N 6.7 


} nnn ; $50 5 2 Nr F 
2 — * N — or — ; 
* * Tay +7 , 7 , 


a that of . or it, by. FEET Ix 
* 1 Na 4 RY x * x. 12 

4 7 5 (Rule 150 or E ö or SE; 
85 » 4 TY 31 ; DT" \ bx 3 9197 
5711 1 — | l der e 4 2.5 

s | and ann | ory * 2 or +a * by 

. . | mY Ve — | ——— - J 

f BA 12 . TOUR 3 2 N 1 2 a 

4 YT a Xx —@["—Ww# W . An 
_—_— 5 10 80 7 = i > 


ESE) 


by Redudtionis = — — * . —XxX x 9 L ; 


>; : 
— — 


2X — Pei —rix . eee ee =. 


— 


| axe —oÞ r V —4 
| Ta x#—20% n e ge; 
NN 1 es 


Faving explained the kad, of Saale — de- 
termining the firſt Fluxions of variable or flowing Quan- 


. tities, it will be pr oper to ſay ſomething, now, con- 


cerving the higher, rders, as Second, "hird „Fourth, 
He. Fluxions. 


2 18. The Second Pluxio. of a. Quantity ts the Pluxian 
: 755 the variable or algebraic Quantity  expreſſmg the Fir 


meant the Fluxion of the ial: uantityi expreſſing | the 
| Second 5 And by the Fourth; the Fluxion of 8 
= Quantity expreſſing. hy: Third Fluxion - And fo i 
N Thus, for Example, let the Line A repreſent a va» 
| | riable Quantity, generated by. e Mallon of the Point 
B, and Jet the { 251 Fluxion thereof (or the 
that might be uniformly deſcribed in given Time, wiz 


the Wt ras of B) be © Anaparexperlk * the ae 


. Dien s *) 101 e oo FRO RE 3. he | 5 he 


[1/14 vs 
* 


IT 


urion ' already defined *, By the Third Fluxion- is + Ah *. 


32 


The Nature and Iriveſtigation 


of the Point D from a given, or fixed Point C; Then, 


if the Celerity of B 

ce | be not every where 
P == the ies, the 26- 
ES tance CD, expreſ- 


e fing. the, Mens: of 


„ 3 that Celerity, muſt 
e alſo vary, by the 


6 III Motion ef Di from, 


"INES: or towards C, ac- 


cording as the Cele- 


rity of: Bis an inerkaſing or a decreaſing one: And the 


Fluxion of the Line CD, ſo varying (or the Space 


(EF) that might be uniformly deſcribed in the aforeſaid 


ven Time, with the Celerity-of D) is the ſecond 


Fluxion of AB, Again, if the Motion of B be ſuch 


that neither it, nor© that of D, (which depends upon it) 


be equable, then EF, expreſſing the Celericy of P, will 


alſo have its Fluxion GH; which is the third Fluxion 


of AB, and the ſecond Fluxion of CD. 


And thus are the Fluxions of every other Order. to be 


_ conſidered, betng the Meaſures of. the Velbeities by which 
their reſpective flowing Quantities, the Fluxions of the 


Ss; ney Order, are generated . 


19. 


fer in Nothing (except their Order and Notation) from 


Firſt Fluxions, being actually ſuch to the Quantities 
from whence they ate immediately derived; and there- 


fore are alſo determinable, in the very ſame Manner, by 
the general Rules already delivered. 


hus, by Rule 3. the (firſt) Fluxion of x* is 3 
And, if „ be ſappoſed conftant, that is, if the Root x 
ith 


be generated with an equable Celerity, the Fluxion of 
3 (or 35 K] again taken, by the ſame Rule, will 
be 3X x 2xx,' or bxx*; which therefore is the ſecond 


Fluxion of K*: Whoſe Fluxion, found in like Sort, 
will be 6x7, the third Fluxion of **. ' Farther than 
| Which - 


ence it appears, that a ſecond Fluxion always 
ſhews the rate of the Increaſe, or Decreaſe, of the firſt 
Fluxion ; and that Third, Fourth, &c. Fluxions, dif- 


ws af 


ns AO _ a 


Ee. Enos. 7. 2. 4. 8; 


| of, x, 


referred. The Reader is al | | 
to take particular Notice, that the Fluxions of all Kinds 
and Orders, whatever, are contemporaneaus, or . fuch as. 
ſpedtive Celeri> 

AUS THE 48] 


of \ELYUNLONS. 
which we cannot go in this Caſe, becauſe the laſt 


Fluxion 6#? is here a conſtant Quantity. - 


20. In the preceding Example the Root is ſuppoſed 
to be generated with. an. equable Ceſerity: But, if the 


Celerity be an increahng or a decreabo one, then v, 


exprefling the Meaſure thereof, being variable, will alſo 
have its Fluxion; which is uſually denoted by &: 
Whoſe Fluxion, according to the ſame Method of No- 
tation, is again deſigned. by. # 3 and ſo on, with reſpect 
to the migher Orders. — "7 
x, (or 5) is ſuppoſed to, be generated with a; variable 
elerit ow A 6 „n 1 ? i: MS % nen 
\ Thus, the firt Fluxian of x* n zer (or zert. 
And, if the Fluxion of 3x**xx (conſidered as a Rect- 


, N 


1 2 


angle) be, again, found (by Rule 2.) we ſhall have 


br + 3x*X#=6xx*+3x*#, for the ſecond Fluxion 


Moteover, from the: Fluxion laſt found we: ſhall in 


o #3 
5 


ice manner get 65x#* + 6x5x24# + GM + 3 x3 
(or 65+ 18x55 + 3#'8) for the third Fluren of x%. 
Thus alſo, if 5 n 4 then will I= I x 


2— 


„ nir z and if 2 , then will 2882 


254%: And ſo of others. But, in the Solution of 
Problems, it will be convenient to make the 


Fluxion of ſome one of the ſimple Quantities (x or ” | 


invariable, not only to avoid Trouble, but that it may 


ſerve as a Standard to which the variable Fluxions of the 


other 'Quantities, depending t 
1 defired here (once for 
may be generated together, with their re 


+ by 4 
* 


ties, in one andthe ſame Time. . 
ISS Sta & 41 TSF 633% una 
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„ whe *$7 + N 1 1 * * 2233 - - 


ere follow a few Examples, wherein the Root 


"thereon, may 2 alas 3 


ee, 


| On the Appleton} of F obs x my de Sole: 
tion of. Problems. DE. Wee ET, N 


NIMIS. a 


1 


7 a Veen, Gage to be 2 by Mo- 
tion, increaſes, or decreaſes, till it ane at a 


certain Magnitude or Poſition, and then, on the con- 


trary, grows ſeſſer or greater, and it be retſulred 10 de- 
termine the ſaid Magnitude or Poſition, the N geſtion is 
called a Problem de Maximis & e 1 17975 a 


x 
1 


GNA A Iruugraarzon.. Dl 1 


Let « Point m moye uniformly in a Right Line, from 
A towards B, and let another Point n move after it, 


4 


with a Velocity either increaſmg, or decreafing, but ſo 


that it may, at a certain Poſition, D, become equal to 
that of the former Point m, . Mot iformly.' 
_ This 58 a, * the 


ee a b 8 one; in 
A he v5 3 : Gut | Wk which Cafe" the Di- 
ry 5 + ey 22 5 ſtance of 1 behind 
| . . te) Wt \ WL. "continually. 
ineresſe an che two Paints arrive at the e 
Pofitions C and D; but afterwards i it will, again, de- 
' creaſe; for the Motion of n, till then, being lower than 
at D, it is alſo lower than that of. the receding. Point. 
m (by. H ypotheſis) . but becoming. uicker, afterwards, 
than Wat of: m, the Diſtance In (as — — 
ſaid) will again decreaſe : And therefote is a Maximum, 
— the greateſt of all, when the Celerities of the two 
8. — qual to each other. 
ut, K. 2 arrives at D with a decreaſing Celerity; 
* — its Motion being firſt ſwifter, and afterwards ſlower, 
than that of m, the Diſtance mn will firſt decreaſe and 
| then 


otion of z be firſt 
anſidered as an in- 


n already 


de Marit x” is et Mi ir y 2 
then increaſe ; and therefbre is a Miniman, or the leaſt 


of all, in. the forementioned Circumſtance. 

$inte then the Diftanee us is a Maximum" or a An- 
nimum, when the Vebcities of M and y are equal, or 
vhen that Diſtance increaſes as faſt through the Mo- 
tion of m, as it | by that of n, its Fluxion at 


its 


that Inſtant evidently equal to Nothing . Art. 2 
Therefore, as the Motion of the Points m and 1 may n 5+ 


be concewed ſach that their Diſtance m may expreſs 
the Meafure of any variable Quantity U it fol- 
lows, that the Fluxion of any variable what- 
wg when a Maximum or, r Minimum, is qu to No- 
* . 1 


er EXAMPLE „ 
23. Tn Fvide a given Rig be-line AB inte two "fb 
n= AC, BC, 


be the uam, poſſible. 
ef . | DE oe : 
ven 1 8 £ G k 
= % A TR * B 
the Part AC, 


conſidered as variable ( by the Motion of c from A to- 
wards B) be denoted by x: Then BC being'= a— x, 
we'have AC x BCHπ =: Whoſe Fluxfo dn GX - 
being put = o, according to the preſciipt, we get ax. 
=2xx, and conſequently x = 49. Therefore AC and 


BC, in the required Circumſtance, are equal to mo. 
_ Which we ally know from other Fond FW: 
Ne AX K 1br > 


24. To fnd the Hadi, whith hol eons it Cube by 


ande the great V pofible. 


Let & denote a variable Quantity, expre Number 
in general. then the Exceſs of - —.— ing . 2 5 
verſally regreſented by — if the Flux ion thereof be 


taken, Wee we ſhall have xz—3x*#=0;. n therefore 
r,. 3» the Fraction required. | 
Do 


that ther hte or Rectangle, N ; 


* Solution of Probl” 


{ EXAMPLE” HE; : - 


as To 1 Inch tht a boi 
Jaibed in e See r r : 


8 — 


1 * 


267 B 8993 148 "pa. the Baſe 
Lag m AS -d: 3s noi AC of the gi- 
n .i+ „ VR Triangle = — 
ö 3 Alti- 
8 2 1 tl de Fe 
or 7 ONS let the Alti- 
» . tude — of the. 

. | inſcribed Rect- 
TIE 40192 0 angle 2 (conſi- 

m. B n dered N 
be denoted by K 


A 


; Then, dern of the WED FAB AC, and ac, it 


will be as BD (a) : AC (6) :: DS (as) ; = 


Sac: : Whence the Area of the Rectangle, or ac * 38 
bax—bs* bar 2b 
will be = : Whoſe F luxion —— being 


4 

(as before) p ut = 06, we ſhall get x d. Wh 

greateſt inſcribed {Reg is <a whoſe ne juſt ; 
half the Altitude of the Triangle. 

26. It will be proper to obſerve here, that the Value . 


of a Quantity, when a Maximum or Minimum, may 


oftentimes be determined with more. F acility by taking 

the Fluxion of ſome given Part, Multiple, or Power, 

thereof, than from the Fluxion of the Quantity itſelf, 

Thus, in the preceding re where the general 
„ bax-bx* þb 


Expreſſion is — 7 * . , if the conflant 
Muttiplicator 2 be rej jected, we wall have ar. 3 


whoſe Fluxion « ar- 2 being put = = : 0, we url, 8 
* Mare. 22 
; 5 $41 = r "The. 


The! Reaſon of which is 9 F< vi ; hw when _ 
Quantity itſelf (be it of what Kind it will) is the greateſt, 
or leaſt ' poſſible, any given Part, Power, or Multiple of 


i is alſo the greateſt of leaſt poſſible. 


EX AMP LE IV. 

27. Of all right-angled plain Triangles having the fame 
7.07 Hypothenuſe; 10 * that HOY. . Area is 
the greateſt. | | | | 
Let AC =a, AB =x, 

and BC = y:. Then, 

& +y* being = a*, we 

ſhall have y = -N, 


and e 2 


* of the Triangle; 3 4A — B 
whoſe Square 775 — 5 being, alk, a Maximum , An. ab. 


a* 


the F lurion thereof = — xx; muſt on 


be S o, 1 5 Whence x is found * +, and 5 Naa 


(VEE) V. 


'The So — 


Since £xy is a Maximum, and s* + 4? =a?, let the 
Fluxions of both be taken, and/you will have. 34 5 


To, and 1 20 from the former of which 


** 


will be = =—E 3 and from the * it will be =— 


Therefore 2 — = and = — are oat to each ker, and con- 


ſequently * =, (the ſame as before.) — 44 


186 


when of Problems 


EXAMPLE V. 


| 28. Of all ri br-enged plan Triangles containing the 


fame given Area, to find that whereof the Sum of the 
— Legs AB+BC 4 * e (50s the pre-. 
cedivg Fi igure.). 


Leet ons Leg, AB, be denoted by: X, val hi fv 
of the 90 by a; then the other Leg will be de- 


8815 and the Sum of 1 
—3 whereof the Fluxion i 4— ; which, put =o, 


gives x (AB) = an: — =) is alſo = 


2. Therefore the two Legs are qual to. each 
EXAMPLE VI. 


29. To dttermine the Dimen of the leoft 1 les Tri- 
xk ACD that can — given Cle | 


Let the Diſtance 
(OD) of the Vertex 
of the Triangle from 
the Center of the Cir- 
cle,: be denoted by x, 
and let the remaining 
Part of the Perpendi- 
. cular, which is the 
Radius of the Cirele, 
de repreſented by a: 
Then, if OS, perpen- 


dicular to DC, be * we oe have D&=v x*—@*; 


and therefore, fince DS: DB: BC, we likewiſe 
have BC = 7 which multiplied by *+2(BD) | 


7 | . gives 


- de Maxi is & Minimis, 19 


gi | ves —.— for the Area 5 the Triangle : | Which 


being a Minimum, its Square muſt be a Minimum, and 
2 x Ka; 3 
conſequently —— _ : or its Equal = 7 a Mini- 


mum allo . *: Whoſe  Fluxjon, therefore, which is Art. a6, 3 


CI . being p = o, and 


75 


: the Whole divided by = ne a 


Tro; whencex=2a: Therefore, OD being 
= 208, and the Triangles ODS and BDC equiangular, -- 
it is evident that DC is likewiſe = 2BC = AC; and ſo 


Wo. Triangle * when the leaſt 4 is an- 
teral. 


on 


EXAMPLE VII. 


30.4 * determine the great oft linder, 4 mY that can be 
. inferibed in a given Cone AD 


Let BC, the Altitude of the Cone; 
D A, the Diameter of its Baſe; 
f (db) the Diameter of the Cylinder Con- 
b ſideted as variable; 


. &c. 
„=( n-) the Area of the Cuck 
| whoſe Diameter is Unity. : 


1 hey ids Areas of Circles being to one 2 25 
2 Squares of their Diameters, we have, 1*: - : 
( the Area of the Circle figr : 1 from „ 
Ts Similarity of the Triangles ABC and Ac, we have 
45 we 
(Ac) ; (BC) : $5 205 (Ag) : df = — 


which multiplied by the Area px* (found above) gives 
1 82 fal. 


— —-— — — — _ PE RS, — 
4 


| ab = * | 
* 
for the ſolid 
Content of 
the Cylin- 
der: Which 
being 1 
Maximum, 
its Fluxion 
2b, 
. 
— muſt 


#Art.22. be O, conſequently x= 50 and ef = = =: From | 


whence it appears, that the inſcribed Cylinder will be 
the greateſt poſſible, when the Altitude thereof i is Jan 


3 of the — of the whole Cone. | 


EXAMPLE vnn. 


31. To determine the Dimenſions ndric Morfure 
ABCD, open at the 7 05 whic Pol ga contain a given . 
Quantity (off Liquor, Grain, &c. 1 under * 850 in- 
ternal Oy Poſſible, ; | 


3 BG 8 


— AB=x, and the Alti- 
D. tue AD=y; moreover 
. let p (3-14159, &c.) 

FE denote the Periphery of 

= YT the. Circle whoſe Dia- 


meter is Unity, and let 
c be the foe Content 
yin 


p 3 5 Wn * 7 
7 © SI. it will ber :p::x: (px 
P B  theCircumference of the 
_ Baſe; which, * 
. y 


E is © 


ww 0 ws 


tude, 


the preceding Ex- 


Periphery of the 
Circle whoſe Dia- 


de Maximis & Minimis. 


by the Altitude 55 zives pay for the concave Super! cies | 
of the Cylinder. In like Manner, the Area of the Baſe, 


by multiplying the ſame Expreflion into æ of the Dia- 
meter xz will be found = =; , which drawn into the 


Altitude y, gives bY , for the ſolid Content of the Cy- 


linder; which being made = 6 the concave Surface 
P will be found = = & =, and conſequently the whole 


Surface = = E £ + 2 Whereof the Fluxion, which i is, 


— | (ES, ng =6 we ſhall got—be + po? 


* 


ez a VE: Further, becauſe p- 


= gc, and px*% = gc, it follows, that x = 2y ; whence y 


is alſo known, and from which it _—_— that the Dia- f 


meter of the als muſt be juſt the Double of the Alti- 


EXAMPLE IX, 


4 Cones under the ſame given Superficies (s) to 


that 4 whoſe Ow is the greats of. 


Let the Semi- 
diameter of the 
Baſe, AC =x, and 
the Length of the 
ſlant Side AB =y 
and let p (as in 


amples) denote the 


meter is Unity. 


22 


3 
3 


Which being a Maximum, its Square 5 


Solution Prablimm | 
Then the Circumference of the Baſe will be = 20 


the Area of the Baſe = P', and the convex Superficies 


of the Cone = pay, (which laſt is found by e 
half the Periphery of the Baſe by the Length of the 
flant Side) : Wherefore, ſince the whole Superficies is 
SPN. ＋ pay =5, we have J= 51 whence the Alti- 5 


titulle CB (V AB*—'! AC?) = V == 


multiplied by (=) Jof the Area of the Baſe, gives 


2 for the ſolid Content of the Cone. 
N ans th 5 


ee g 
K* 2p. 
2 muſt 


2 . 8 5 
alſo be » Maximum; and therefore * 2. 0, 


* 


whence — 4b =0,and conſequently =D From 


— p 


bs 260 : 885 
which „ Fon = = Bom = 3+) will like 


þx 

wiſe be known; and from whence 'it will appear that 
the greateſt Cone under a given Surface, (or a given 
Cone under the leaſt Surface will be when the Length 
of the ſlant Side js. to the Semi- diameter of the Baſe in 
the Ratio of 3 to 1, or, (which comes to the ſame) 
when the Square of the Altitude is to the Square of the 

whole Diameter in the Ratio of 2 to 14. | 


EX» 


de Maximis & Minimis. © 

3. To determine the Poſition of s. Right-line DE, which, 
be thr 4 Pe P, all cat two Right- 
. . fines AR and A8, given by Pyſition, in ſuch. fort that _ 
' the Sum of the Keen AD and AE, made thereby, 

may be the leaſt poſſible. | we e 


. 3 
Make PB, parallel to A8, = a, and PC, parallel to 
AR, I; and let BD=x-: Then, by reaſon of the 


parallel Lines, it will be, x 2: ;: CE =: | 
Therefore e AD+AE =3+x+a+=, and its Fluxion, 
Er, which, in the required Circumſtance, being 
=O, we have x*—ab alſo = o, and conſequently x = 

V ab; whence the Poſition of DE is known. But the 

ſame Thing may be otherwiſe determined, independent 
of Fluxions, from the general Solution of the Problem 
for finding the Poſition of DE, when the Sum of the 
Segments AD and AE (inſtead of being a Minimum) 
ſhall be equal to a given Quantity. Of which Problem, 
the geometrical Conſtruction may be as follows. | 
| C4 Compleat 


24 © Solution of Problems 


. Compleat the Parallelogram-ABPC (as before) and, 
in RA produced, take Ac = AC, and let F be equal 
do the given Sum of the two Segments: Alſo let two 
Semi- circles be deſcribed upon Be and BF, and let AH, 
perpendicular to Be, interſect the former in H; like- - 
N wiſe let HK, parallel to Fe, interſect the latter in I; 
= draw ID perpendicular to Fc, and, through P and D 
| draw DE ; which will be the Poſition required. For 
AB x Ac being AH! DI = BD x DF, we have BD 
AB:: Ac (AC): DF; alſo, becauſe of the parallel 
Lines, we have BD: AB:: AC: CE; whence DF = 
CE, and conſequently AD AE (AD+AC+FD) is 
equal to cF, which Conftrution is more neat than that 
in p. 155. of my Geometry. But to ſhew how far this 
may conduce to the Matter firſt propoſed ; we are to 
obſerve, that, as the Problem here conſtructed appears 
to be impoſſible, when the Right-line HK (inſtead of 
cutting or touching) falls wholly below the Circle BWF, 
the leaſt poſſible Value of BF (and conſequently of AD 
+ AE) muſt, therefore, be when that Right-line touches 


the Circle; that is, wheh BD=DI=AH=v ABxAC; 

which Value is the very ſame with that found above. 
Ihe ſame Concluſion may alſo be deduced from the 

algebraic Solution of the foreſaid Problem: For, put» 
| ting 44. (AD.+ AE) = s, and ſolving the 
Equation, x will.be found = _ + 


PT 


36 3 I 
Which Equation being no longer poſſible than till 


if 
* 
it 
* 
*/ 
% 
1 
k 
5 * 
1 
L. 
LY” 
U 
1 
T 
[5 
: 
x 
4, 
10 
* 
79 
1 
s 
. 
x 
i? 
1 
' 
1 
ty 


{ 
| 
jt 
| 

4 
i 
{ 
| 


2-0. 


— ab is = ©, we have x, in that Cee 2 
— Vab; fiill as before. In like Manner the 


Maxima and Minima may be determined in other Caſes, 
by finding the Pofition or Circumſtance wherein the 
general Problem begins to be impoſſible, (ſuppoſing the 
Quantity ſought to be given). But the Operation by 
1 b Fan 


de Maximis & Minimis. — 


Fluxions is, for the general Fart, much more ſhort and 
A 1 | 
| EXAMPLE . 
The ſame being given as in the preceding 2 to 
34, The fo the Poſition, _ the Lone: DE, 2 HV ts the 
la poſſible. 


Upon AF let fall the — P make 2 
De; — the reſt, as before: Then Qs * 2 1 
: 


PB. T BP* —2BQ x DB) = —_w —2cx, and 
DP“; : DA* : DE“, we have x* : x*+a*—2cx : : b+ ol” 


DE. = == Dr * 4 - 
5 


; whoſe Fluxion, which i is AH * — — + TA 


/ 


— 
2x 24 


r x 8 being put = = o, and the whats 


Equation _—_— * 2.4 X br there will come out 1 | 


+2 


A 4 2 0 N is, (by d * — : 
T he o: From the Reſolution of which * 
dan, the Tos of DE is determined. 


LI MN A. 


| If a Body or Point (n) be ſuppoſed to move in a 
Rig 4. AB, its abſolute 2 in 2 7 Direction of 
| cha Line, will be to the relative Celerity, whereby it tends 
to, or from, a given Point C, any where out of the Line, 
28 the Diſtance Cn, is 10 the Diſtance Dn, intercepted by 
n and the Perpendicular CD; or, as Radius to the Co-ſine 
| of the Augle of Inclination DnC. 
For, putting CD = a, Dn S &, arid Cn ny Re 
we haye a*+x* , and — 24 = 2 
| "Whanids 


* 6 1 


- 


.Whence # : 
3 :: (Cn) * 


— the Fluxions of 
_-_ Quantities are as 
the Celerities of 

their Increaſe , 
therefore the Truth 
of the Propoſition 
is manifeſt 


8 ty :: Radius : 
Xn B Co-fineDzC: But, 


Art. 2 


 CoRoLrlany. 


It follows from hence, that the relative Celerities in 

any two different Directions nE and C, are directly as 

the Co- ſines of the correſponding Angles DxE and 
DC. Therefore, when E is perpendicular to Cn, 
(and the Angle DE therefore equal to C) the Celeritx 
in the Direction E, will be to that in the Direction 
C, as the Sine of DC is to its Co-ſine. From whence - 

jt appears, that the Celerities in the Directions Nn, Cn, 
and Er (perpendicular to C) are to each other as Cn, 
Du, and CD reſpectively. e 


* 4 


% ͥͤ»eddd d m A ß . YS 7.7 


EXAMPLE XII. 


36. To determine the Poſition of a Point, from whence, 
if three Right-lines be draton to ſo many given Points 
| Az i, | 68 their Cum ſhall be the leaſt poſſible. | 5 


Let HPG be the Periphery of a Circle deſcribed 
about the Point A, as a Center, at any Diſtance AG; 
in which let the Point P be conceived to move with an 
uniform Celerity, from G towards H. Then, becauſe 
the relative Celerity thereof, in the Direction PC, is to 
that in the Direction BP produced, as the Co-ſine f 
the Angle CPH to the Co- ſine of the Angle BPG, ( 
the precading Lemma) ; and, fincetheſe Celerities, * 
* ' : 4 ; - 


Thad AR. EE. \ oa 3 Wo 


CPH and  BPG, as 


Sum of the three 


fall in the obtuſe Angle): Hence this 


Arch BOC, draw AQ interſecting the Circumference 
of the Circle in P; which will be the Point required. 


it follows, therefore, 
that the | ſaid Angles A 


well as their Co- ſines, 
will in that Circum- 
ſtance become equal 
to 9 2 
conſequen 41 | 
alſo equal 0 AP B. B 
From whence it ap- 
pears, that (take AG 

wbat you will) the 


Lines, AP, BP, and 
CP, cannot be the 
leaft poſſible when the 
A APB and 


APC are ual. - ; EA 1 
And, by the- ons oe, 34 | Q e x 7 1 A BY 
Argument, it alſo appears that their Sum cannot 
be the leaſt poſſible, when the Angles BPA and 


BPC are unequal: Therefore, their Sum muſt be 
the leaſt poſſible, when all the three Angles about the _ 
Point P are equal to one another; provided the Caſe 
will admit of ſuch an Equality, or that no one of the 
Angles of the Triangle ABC isequal to, or r than 
2 of 4 Right Angles (for otherwiſe, the Point P will 


: ConsTRUCTION, | | gs 
Deſcribe, upon BC, a Segment of a Circle, to con- 
tain an Angle of 120%, and tet the whole Circle BC 
be compleated ; and from A, to the Middle (O) of the 


For, the Angles BPQ and CPQ, ſtanding upon the 
er BQ and CQ, have their Complements 
APB and APC equal to each other; and therefore, the 
Angle BPC being 120% (by Conſtruction) each of — 


15 


Solution of Problems 


aid Angles APB, APC, will, likewiſe be 120 De- 


_grees. 


Aſter the ſame 
Manner, it will 
appear that the 


Lines AP, BP, 
| Cp, &c. drawn 
from any Num- 
g ber of given 
Points A, B, C, 
5 : Dc. to meet in 
1 B another Point P, 
1 E:1 will. be the leaſt 
8 e poſſible, when the 
Co- ſines of the Angles RPA, RPB, RPC, Sc. that 
the ſaid Lines make with any other Line RS, paſling 


through the Point of Concourſe, deſtroy each other: 


Which will be when all the Angles APB, BPC, CPD, 
Sc. are equal, in all Caſes where the Poſition of the 

iven Points will admit of ſuch an Equality. But, if the 
Number of given Points be four, the required Point will 
be in the Interſection of the two Right-lines joining the 
oppoſite Points: For, ſuppoſing APC and BPD to be 


continued Right-lines, the Co- ſine of RPA will be equal 


and contrary to that of RPC, and that of RPB equal 

and contrary to that of RP. | | 
EXAMPLE: XII. - 

37. If two Bodies move at the ſame Time, from two given 


Places A and B, and proceed uniformly from thence in 
given Directions, AP and BQ, with Celerities in a 


given Ratio; it is propoſed to find their Poſition, and 


- bow far each has gone, when they are the neareſt poſſible 


to each other. 


Let M and N be any two cotemporary Politions of 
the Bodies, and upon AP let fall the Perpendiculars 
NE and BD; alſo let QB be produced to meet AP 

i far | in 


Sum of all the 


By 


_——N_ * 
* 0 0 


ons (D (Þ 


ps hs CY COP 


» a %& Th yg 


Aa wy dt dv AAA 


* 


dee Maximis & linimis. 


8 


r EE 


in C, and let MN be drawn: Moreover, let. the given | 


Celerity in B be to that in AP, as = to m, and let 
AC, BC, and CD, (which are alſo given) be denoted 
by a, B, and c reſpectively, and make the variable Diſ- 
tance CN . Then, by reaſon of the parallel Lines 
NE and BD, we ſhall have b (CB): x (CN) :: (CD) 
-: CE = — Alſo, becauſe the Diſtances, BN and 


AM, gone over in the ſame Time, -are as the Cele- 


rities, we likewiſe have, n : m :: #—b (BN): AM. 


== 7 al conſequently CM (AC—AM)=a+ 


mb mx 


\ 
a n 


xd mne 4 me 200 "Hy 2dmx m*x* 
2d cm zam 2am*xx 


+x"'——7" + 53-5 whoſe Fluxion 8 


4 +225 -L being made = o (becauſe MN is 


do be a Minimum) we get — bdmn+m'bu lr 


mnbd+n'cd 


+ 2mnew=0; and conſequently æ = gl 2mm = 


ndxmbync_, from whence BN, AM, and MN 


— ͤ — 
b x m* + n* + 2mnc 
are alſo given. 


—— —=d E (by writingd=o+ =). Whence a 
MN. (=CM*+CN*—CM x2CE) will alſo be found _ 


7 
* \ 


W - 3 o 1 
i 77 8 The Jams. otherwiſe” (> | | 
1 ä * the relative Celerities of the two Bodies, at | | 
0 M and N, in the Direction ja the Line MN _ | 
ij | duced) are truly expreſſed by - Coho m, and 4 | 
I "Art.35: X, reſpectipely ; and as theſe — We the 
j | | Diftance MN'%s a Mini inimum, do become equal to each 
1 Art. aa. other +, it follows that, in this Circumſtance, m: u:: 
de,: Co- M: Secant of I; Secant of N (by 
e 
| | - Wiener this Conſtruction. Take CH to CBin the 
i given __ of m to n, and draw HB ; upon * 
ul | 


A M Th . 


roduced- (if neceffary) let fall the Perpendicular AR; 
{wu RN paralle] to AH, meeting CQ in N ; laſtly, 


| draw NM | parallel to AR, and it il give the Pofition 
| | required. For, firſt, it is plain, becauſe AM (RN): 
j * N _— : CH : CB) :: m : », that M and N are cotem- 


ary Pofitions : It is pet ny” 4 that RN and BN 

will b. be Secants of the Angles KNR (CMN) and KNB 

 (CNM) to the Radius N eee the Angle NKR 

(ARC) is a Right-one. "Which Lines or Secants 

fe in the ns Ratio of m to n, as on, been already 
Wile 5 


But 


de Maximis & Minimis. 328 


But the ſame Solution may be, yet, otherwiſe de- 
rived, independent of Fluxions, from Principles intirely 
geometrical, For, let M and-n be any two cotempora- 
Poſitions at Pleaſure, and let CH (as before) be to 
EB, as the CeleriF in AP to that in z. moreover, 
let ur, parallel to AP, be drawn, meeting pro- 
duced in r, and let A, 1 be joined. Then, fince CB: 
CH : : Bn ; nr (by ſim. Triangle) and CB: CH: : B 
: Am, (by Hyp.) it follews, that ar and Am, (which | 
by are parallel) will alſo be equal to each other; and there- | 
fore Ar and mn, likewiſe equal and parallel. But Ar is 1 Rp 
"P the leaſt poſible when perpendicular to Hr, Whence | | 
oh N % : 4 ; ' 


the-Bolurion is manifeſt, © 
. Let the Boch M move, uniformly, from A towards 
- ** with the Celtrity m, 225 2 er Body N pra- 
| ceed from B, at the ſame time, with the Celerity u. 
Now it is propoſed to find the Direction (BD) of the 
latter, ſo that the Diſlance MN of the two Bodies, 
ben the latter arrives in the Way or Directian AQ of 
the former, may be the greataft poſſible. 


4 gf » 23 
> $ 


- « 
* 1 » x * o 8 
* 2 * 4 N - . of 
"_ i „ ; x 3 0" 
5 x 
* m td lt. ...ÞH4 
4 4 — rr - 6 a 
4 * hs 1 5 , Nen 4 a ; 
* 7 

4 1 N 

% 50 1 E 4 

* * * * * p — 0 « 

. 


9 4 4 ne 


1 
\ 


. Let BC be icutar to AQ, and. make AC = 


4, BC=6, and BN=x. Thetefore, if the Poſition 
M be ſuppoſed cotemporary with N, we ſhall have u. 


m:: S AM 1 whence CM = o, and con- | 
| | 5 ſiquently 


— 
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 ſequently MN (CN—CM) = VF +043 
' whereof the Fluxion being taken, and made = ©, we 
EET AT 


| (Va*<=F) = DD; Whence, m: n (:: BN: 


Vm — n * 
CN :: Radius: Co-ſine N. The fame Concluſion is 
otherwiſe derived, thus, e 
Let the Right-line BD be ſuppoſed to revolve about 
the Point B, as a Center, with a Motion fo regulated, 
that the intercepted Part thereof BN may increaſe with 
the uniform Celerity 1: Then, the Celerity with which 
Ei ES To oO 5 
®*Art.zs, CN is increaſed being = "Cm N this Expreſſion, 
when MN is a Maximum, muſt, conſequently, be equal 
1 Art. za. to (n) the Velocity of the other Body + M ; and there- 
fore m: :: Radius: Co-ſine N, as before. 
EXAMPLE XV. 

. Suppoſing a Ship to ſail from a given Place A, in a 
8 AQ, at 1 ame time that a Beat, 
| from another given Place B, ſets out in order (if poſ- 

ſible) to come up with her, and Abe the Rate at 
| which each Veſſel runs to be given; it is required to > 
Ml OE in what Direction the latter muſt proceed, ſo that, if it 
cannot come up with the — it may, however, ap- 
proach it as near as poſſible. 


—— OE SEN 
— = 
— — — 


— 0208 29 HA. ns 

— — — — 

— — ee be —— 
— — 


— Men ns. 


EE 4 Let the Celerity of the Ship be to that of the Boat 
j * in the given Ratio of m ton; alſo let D and F be the 
i | Places of the two Veſſels when neareft poſſible to each 
W | other, and, from the Center B, through F, ſuppoſe the 


11 Circumference of a Circle to be deſcribed. Then (the 
i | Diſtance DF being the leaſt poſſible), the Point F muſt 


be in the-Right-line (DB) joining the Point D and the 


N es might 5 


. F luxion, —= = 
JO OY whence the Direalon BD is known: | 


NA Aa ac nn 


bal 7 5 — 
4 "Iv" + . , 
by 


1 4. Meme. Mis, 
Centet B;- „ * £ * e ls Hit * 29" $1 8 11 - 
con 15 other e $1 Fe n e non 
oh ae 1 «A bard 
whole 1855 EY. B 


time, is ſo nłkar 


Peripheryo—But: Fo an Exprecion for DF, in 


algebraic Terms; let BC be per to AQ, ad 


make AC , BC = b, and C D and then BD 


(VCC *) will be = f moreover, be- 
na + nx 


„ 


; cauſe i: Ab (e; BF, youwillbaveBF= —— 
and ue DFV F — Ae, whoſe 


8 


And, if the Value of x "4 thus found, be ſubſtituted in | 


that of DF, (found above) we ſhall have DF = 


by m" — *—1, ; whence the Poſition of F is known. £ 


And from which it is obſervable, that, as DF inal be a 


real, poſitive Quantity (by the Queſtion) this Method 


of Solution can only obtain when mis greater than =, 


and b V, alſo greater than v: For in all other 
| Caſes the one vin de able to oome up with the Ship. 


Let the Radius of the Cree, EF H be conceived to 


increaſe. uniformly, with the e n, whilſt the Point 
271 D 3 moves 


W + 


* " "Ss. P a 1 n 1 
to D aa that v "I + 2. 1 8 * 


1 —E being made = 0, we find | 


34. 


Minimum, we have in this Caſe m3 Co: 


951 : of Þ e 


8 unifo along AQ, with the Ce "i 
Then, the Can, at D, 3 Direction of 3 


duced, being eee with 
which the Poig 


D recedes from the Periphary of the 
ſaid variable Circle, wilt be univerſally exprofled by 


OED on; which being = o, when, DF i is a 
fins D =amx Ra 
D. 
bo 
17 nue 
you draw it _ 

> In which, if thers be-tukeat 


dins, and ce pany! m 
— — Bale 


d=n, and 


Ms EXAMPLE vi. 
40, Fo duermine the great Perabels het can be firmed | 
| e | 'S 


.D i. TI» 


| Er ate and TS RIES | 
Axis of the El- SF. | | 
5 1 BTES 8 e 


2 Lie A T: 
e e [/ 
1 1 ME, Þ 2% 


de Martinis 6 Mivimis. 35 
Dee CA, and Dur; then, becauſe of the 


parallel Limes, it will boy @ : 62: 52 L More- 


72 by the Property of the Civcle, we have en 
2 Z Dx Cu) = a -, and 5 rm . 


PE ; which mutipticd vy: 2x (beeauſe eve- 
ry-Pagabola is} uſa: Parallclogram ofthe fame Baſs and 
Altitude) gives = ar for the Content of the 
Parabola : Whoſe Plixion, ot that of 4 being ane 
put «qual es Nothing 5 we fd v - 25 Whence nv= 
2 rm=CDXy/7, and the Ares of the greateſt, 


| or m x CD 2 


BXAMPL E R r 6 


: . To Ager, A. great. Ellpfo BTES tht ant be 


by exiting e given Cour ABD. ONCE 


* * nx 
* F 


Let BE be the © = Ix 


Motion of 7 7 ad 
of the Tranſverſe) 


4 meeting 

4 Bae N 
2 ee AM 
to BD; whereof the 852 | 
* B 


D 2 paſs 


36 


paſs throu Bs BY. e, of Ell Then, 
king . rod. CD=34, and Ae e have fk 
Irre; allo, becauſe of the parallel Lines we have CD 


(8) CA (a).:: : Du (bs): 2 =Ev; whence 
BE erke N 3 
Furthermore, -fince the Triangles: EOn, EBD, and 


BOp, BEF are equiangular, and EO 2 = BE, 
IS abe Ga BD =; we Ee 


4 Dx; and conſequently On x Op, (SOT 7 9:41" 4 


perty of , = * whence ST = 3 and 


* Now'the Ares ef any Ellipse onſtant 
Rat ef — ler Axes 
namely as 3,14159, Sc. to 4) the gen x 
* 4 ods therefore be a, Maximum, when the 
Area i is ſo; and therefore. its Fluxion, or that of B' x 
Traber, (= Bo +262 + Px* + offs 


*Art.22, — 24 -- + a*x*). zqual to  Nothing'®z: that is, 5*z 


e 1 , 4 b + 3&x'# = 0: 
Whence &* — . 2 And * = 
332 ＋ 30 ST of; 


—.— De 4 eden . the r 
| lipſis is knbwn. n | 
But it is obſervable, tae: 1 2 5 tanks 3s 5 is 
negative, this Solution fails, becauſe the Square Root of 
a ive Quantity i is to be extracted. Ahenefr ore, "to 
determing. the” Limit, put df —142% T* = 0; then; 
by ordering the Equation, you will get 4 Sx 
77, and b ri and. therefo 257 
N + . i the Ratio of, 18 Bi N 
EY W924 . greater . 


1 k _— = — _— » 
8 - 1 
— \ 1 - * * i — 'FY m4 x * ER | 
1 — 5 . w- NN. \ « AN 2281 
L . * — ; 7 * * 
8 


„ MW. NW. OMNy Oo 


Roots expreſs the Ie of x (or Cv) at the Times 


de Mixithis & Miniinis, 


; 1 at of 2/3 to , or- (which cant 
— thing) if the Angle DAC be not leſs t 
Degrees, the Fluxion of 4 Ellipſis can never — 
equal. to Nothing; but the Ellipſis itſelf will increaſe 
continually, from the Vertex till it coincides with the 


Baſe of the Cone; and therefore is greater at the Baſe | 


than in any other Poſition, 
"ER it is u to be obſerved, that this Problem is | 
yet, narrower Limits. For, either tbe 


\ Ein will 4 continually, from the Vertex, to 


ſe, of the Cone, (which is ſhewn to be the Caſe 
when the Angle DAC is greater than 15) or elle it 


will increaſe till the Point E arrives at a certain Poſition 


H, and afterwards decreaſe to another certain Poſition; 


and then increaſe again till it coincides with the of. 


the Cone, (for it. muſt always increaſe again before it 


_ coincides with the Baſez becauſe, after the Point E is 


pot bao the Perpendicul both. the Ax | 
— eee 


thing alſo appears from the foregoing Equa- 
23 * nh o+ — 140 b*+þ* 
* = — 4 ＋3 þ* . "2 1 EK whole; two, 


of the Maximum (at H) and ity N Minimum 


8 0 b). Hence it is man the Ellipſis may ad- 


$2] Hecimen bers the the Vers of ogy ary 
erpendicular et that 

wum de leſs than the Baſe of the Cone, unleſs the 
foreſaid Angle DAC be fo. much leſs. Jag. 1 5 (aboy 
found) har the Increaſe from 5 to D has | 


the Decreaſe from H to. B. Now ig Ye 
_—_— the _ 9 A let — Increment 
and ecrement other, or, 
which is the ſame. in A a ql, Nipfis- BTESE . 
= the Circle B/, er BE Eo ie 
Vie er, : | 


* 4 we 4 a * * 
gy I © : > o_ - fy 4 1 7 12 . ö * 

> iind G #3 © IP 1 RF bo 4 a, „ * - * 
-/ : a 4 
* ' * 7 

3 * . l 
— 1 * E . * 

** % 


328 


ven abpye)-you will, e 


| Hence we have, 1 


Equadpn ou will get = S pm 
e r uo, en Pers 


RAT 30 * ** +a — + 3 = - 
—— + 5 


dies v e args L gas eee 
A . you o* + 2br——H =0, a 


= 
Moreover, being = og if Megets 


ſubſtituted herein for, its Equal, * 3 it will become 
a gb*+bx _5b+x _ $b+bv2—b Acre 


. bx—x ee 4737 


Duni 


— 6972 
eee ic 


8 nV 


4 (DC): (A 
Radius to the Ta Lo apt e Ang G 88 25 3 75 


” Who Complement DAC 5 11* 57 is the alt * 


mit poſſible. Therefore, unleſs the Angle which the 
ſlant Side makes with the Axis be leſs than 11*. 5 „ the 5 
5 W will be leſs than the Tale of the he, 5 


EXAMPLE. XV, | 


a ThHangler, baving the ſame given Pride 
6.9; FOE tt be ſame 4 a 0 ai 5 4 . * 


Lreaigt. 22 
Loet the Dieuiciey DA ditect thy Baſe BC of this re- 


— 


| quired Triangle-BEC in H, draw AE, AB and BD; 


alſo draw A perpendicular to BE, and GE, e 8 


1K 


Y * 1 5 % 
T i 
* 4 . * — i 

4 ; 


the 


de Maxirnis «© bunte. 


the Tete BEC (BHx HG) 3 — * 
ot | 
+2), hk Pinion 25 — Ee eng nee, 


Triangle-may be 
EXAMPLE XIX. 


2 * Aer 7 thi * be ene 
E four grom Right- — f 


a . 2 bas — — nd. from thence 
eterin | 2 


wow, 


Though ie! Is K able from 3 ee 
é axinum, when the Tra 
Bat the ee wll bo caringd by the j * ines, ih ey, 12 


Kribed in a Circle *, yet 1 e the Solution 


from the rp of Fluxions, {who ok — . am now 
2 13. Tie Blom. Thig. | 8 


Page 777. lem. Geomptry. * 


D 4 = | Waſting) 


;Nuftrating. In order to which, let the AC 

be drawn, and upon CB and A let fall. che age. 
culars AE pad CF L putting: Ah BCS, COD, 
1 DA, BE=x, 
— $73 And DF — 7 7 
n Then AE. n AE being 
7 TW 88 42 x* 9 and 
fo; Or — * * 9 
the _ — the 

Trap at, 

„ AK 


OY” 4 — xCF) wil 
85 od + = 


Mk e 


and therefore _ — = —= gy 250 


ſince * T abr (AC) = e-ach, by taking 
the Fluxion thereof, we have 24% = — 24zj, or — dj= 
bxz which, ſubſtituted for —4dj in the PN. Equa- 


ti 22 bax 
N. gives = — r =. SD FFT 

——_ and conſequenty, v# 8 = ( CF) : : 7 
Fans ; 

(DF) :: V= (AE) : x BE) : From which it 

appears that the Trian gles DCF and ABE are ſimilar, 

and that (D ABC being =2Right-angles) the Trape- 

| pe may be inſcribed in a Cirele ; but this by the Bye 


e are now to et an Expreſſion for the Area in — i 
Terms, and in 10 thereto we haye 2 44 2b 


4% each, y: =—, and c= = 1 2 {becauſe AB 
:BE:: DC: DF, 95 ): Therefore; bySubſtitution, P+ 
a ae e and the Area (3BC x AE 
＋ 2A 


— : — 


1 
| % 
i : 
3 
II 
1 
| 4 
[ { | 
f 


| e ” 
; he —_ * 


{46D £68) ure, 4 2 


4 7 5 ; and therefore the Square there = 


2a 


3 
N= * 


* 142 12. But fined 3244 1215 e- 


2 4 2z 

x, S 725 WS, 5 1 + = = 1, + 
AE 2 +26 2 
D . 
II er . 4 
aer r 

e and conſequently, the Square 4 his 
* 2ab + 2c 


200A . 44. = bem al © „ 


Area = . © aabfad 


— E 8 — which (becauſe 


_ — 


| the Difference of 4 "Ws of: any two udntities is 


equal to a We under their Sum and Difference) 
will alſo be = — = er — ex — 


r * * 
b+a—d+c 
— — — 


7 '= NET TIT = TERS 


N 4d Tac 26 +34—c * 14.7 7777 7 — 2. Whence 
it appears, chat, if from 4 the Sum of all the four Sides 


each particular Side be ſubtracted, the continual Pro- 
duct of the Remainders will be the Square, or fecond 


Power, of the Atea. | 
From this Theorem, the Rule in common-Pradtice; 


for finding the Area of a Triangle, having the three 
mm_ 1 is * as a n For, 


making | 


= O, 


42 8 . Salution-of Prabim 


#=No tis Trapezium becomes a Triangle, and the ſe- 
cond Power of its Area = T7 TIC TUK iT 


X3d+3c+i3b—cx id+zc+ab—d: Which, in Words, 5 
is the common Rule. 


2 
Ma. F = 


| K XA M P L E XX. 
44. To find the greateft Value of y in the Equation a = 
* ＋ . 


By Sitting the whole Equation 3 into. „ Fluxions, Sc. 7 
we have 2a*v#=2x+ + 29j x 3x x* +513 which in the 
@Art.22.Tequired Circumſtance, when 5 = © *, becomes au 


N ; whence warf and #47 +yt 


J 755 : But, by the given Equation * + La as"; 


"IO 6 
3 4 * == 5 — and therefore * = 8 
= . 


. 8 SH whenee 75 88 E =2, a and 
nav; 8 


- . | 1 dy ee | t | 
= Since 7 51 onions , er have 4 A = | 
of x x7, and artery =o ata ; whoſe Fluxion, 


. Fg | 
; 23 I; aaa, being put = o, we ao get Et 


xr TIED OD: - 

"T5 2 or 255 #77 — 

whence ape, and conſequently 0 = V 777 : 
0p as 3 8 | 5 | 


= 13 | whoſe Cube i is 


| 45. When 


a6: Miiicais & Minimis, . 43 


„ | 

2 When, in the general Expreſſion, whoſe Maxi- 
2 | — Minimum is ſought, there are two or more in- 
rds, . determinate Quautities, independent of each other, their 


reſpective Values, in the required Circumſtance, will 
be determined, by making them flow, one by one, while 
the others are e ſuppoſed invariable; 3 as in 80 e 


EXAMPLE XXI. 


— 3 
. | Wherei 4 * propoſed to find three ſuch Fal Values fo k 
Fe. | and x, as ſhall make the e 2 
be = he I. 5 
_ Firſt, conſidering Pp 28 variable, and the reſt conſtant, 
* 8 we have xj—2yj=0®* ;* whence y zx, and vy—y* Art. as. 
bee A. eh S$—3=z=0; 
3 whence e Now let theſe 5 
— | Values of yy—y e, age go the given Ke 
. Exprefion, ad it will become. © * . 

975. LI 

=, 3 therefore t—$9/4=01 Whence 42 

. bel = ße and 1215 Mer 

1 of che fores Pats”, is obvious: 

ö "be the Fluxion of the g wig Pads when any 


one of the indeterminate Quantities is made variable, be 

not equal to Nothing, that Expreſſion may become 

greater, without altering the Values of the reſt, which 

2 conſidered as eonſtant 4: And therefore cannot de tanta. 
* n unleſs the 925 Fluxion is N to 


ES 


—— 


2 — - 
* — 


> . ——-—-— +. - 
2 ot — _ — 
- 
— - — 
— — —— —— 
— hs . 
7 
— * - 
. a 
s 
5 4 
> 
4 
po 


| 
| | 
| 


—.— 


e e 


1 EXAMPLE XXL 
- 1 | ey ak Tr e different Pati of x; bar that of 
| 5 Bax 56 rhe e becomes a Maxi- 


8 al 4 
. . 211 


The — of che given Expreſſion webs 0 uſual) 
put equal to Nothing, we have 12. 84a + 168 jd 
=» 964* = ©, or & — £545 8 =0: From 
ner (by the Method of Diviſors) we get w=#'= 0, 


, or * ar O Therefore, the — of the 
ee or the three Values of &, are a, 6s. and 


. 
. 


2 4 * — * — i. 


Parts 


5 3 
1 nnn 07S £17 


Senor 1051. | 
5 47. Ape, from the laſt Example, Sat 1 Quan- 
ti r admit of as many Maxima and Minima (ac- 
Söding to the Meaning _ the Definition *) as there 
2 Able Roots in the Equation, ariſing from af- 
ming its Fluxion equal to othing, Now to know 
- which of thoſe Rodts {point out a Maximum, and which 
à Minimum; find whether the Value of the ſaid F luxion, 
a little before i it becomes equal to Nothing, be 3 
or negative; if poſitive, the ſucceeding * — 
Maximum; but if negative, a Minimum ; "The ks 
'of- which is extremely obvious; becauſe ſo long as an 
Quantity increaſes, its Fluxion is politive, but when 
decreaſes the Fluxion is negative. 
As an Example hereof, let the Quantity 2. aber 


9% 4.4807, be again reſumed ; whoſe 


. Huxion i 18 12x 25 5 + 144 * 8 2124 * x | 
* 24 * * — hereof the Value, before it becomes | 


equal to N 0 wing, | the firſt time (or before x=a) being 
= pes ative (bees e the Product of three negative Factors 


— 1 51 its, firſt Root (a) therefore indicates a Mi- 


nimum : Whence we may conclude, without conſider- 
ing farther, that the ſecond Root (2a) gives a Maxi- 
| - um, and the NT (44) another inimum. But, if 
oY *. c | | : ou 


( 


nis 9 2 3 . 3 
- de larimis & Ws 2 6 45 1 


| Would Kno whether the firſt or third Rook g ove 
= leſſer Value of the two; it is but ſubſtituting 


= ven Quantity, which will come out 485. „ 
4 | 2 — ectively ;; therefore the latter Ei ara Ew 85 5 
| REN very leaſt ale the propoſed Exprefficu'ca | oe EY 
ah admit o | . . 
* When all the Wee pee impoſäble; the Quant ty F | 
2 ä propoſed (as its Fluxion can never become =o) mi F 
* either increaſe, or decreaſe, continually ; and 3 . 
be. can neither admit of a Maximum nor a Minimiim;' „ 
che Ml/-yrepver, it may ſo happen, that the Rocts are 8 
nd | ſble, the Fluxion S o, and . the Quantity itſel 8 
neither A Maximum. nora. inimum in bt Clean 
trance. ; to ik in 
For let us, again, ſoppoſe che Point n to more lter 
3 "R as in. the general Illuſtration, (vid. Arti aa.) __ = 
—— let the Jelociey of 1 (in the firſt Caſe) increaſe no 
. longer than Albi arrives at D; after which let it again 
Te. decreaſe: Then, though the Fluxion of the Diſtance 


mn is Nothing, at the Poſition CD, yet the Diſtance © 
itſelf will not be a Maximum; becauſe = (having after- 
wards, as well as before, a leſs Velocity than u) will e 
ſtill continue to loſe ground.— In the ſame manner the L 1 
. Matter may be explained with regard to a Minimum, . 
And it is evident, that theſe Caſes will al: £85 
when the Fluxion' of the given Quantity is gf the ſame e 
Denpmination (with e to 2 uy Faxing, N 
becomes eq Aiden 85 1 3 
ebra 


both before an after, 
Which, by the Rules 'of common A e 
to be wen the Equation admits of an 2 Nd der of. e 
equal Roots. An Example e Kg 0 uae: F 
be improper. T 5 es 03 

Let then the Na Foo pu BEL | 
| 4 16 —' 3x*; whoſe lon is 22 


48a 2 — Hara 2 124 * a = Xa—x * 5 Lav 5 1 
being made =». "I appears that the two. leatiRoets:ate + | "A 
| equal. Therefore there is neither a Maximum not 22 Eo 8 
: nimum when x (becauſe whether. x be taken à little 
lefs,'s or a 19 greater, than a, the Value: of the wt » 
wil 


OE oe EE Wo WW 00 SY 


v4) Lak 148 


—— — 


N = l — - — — — — — 
- — - — _ —_ — — — — _ — — A _ — 8 — — — 1 — — — 2 
— — — — —̃ —2— ———— —— = - — — — EX W» a — — 
— — E. — — * — — — —— — — — — — — — — — 8 — — - — — = = - 
— — _ i a 5 — — = — — — 
E - - * — — — — — — — —— —— - 
— — — — — — — — 
— — — — AS - - — - — —ͤ— — — — IDF iO — „ th - — — — =_ — 
ae — ü Ty rar = = ny Tn Ro He RG, — — .. r = —— —— - — — — — —— — a—gron ute — _ — my 
— — — . 2 - — « — - = * — — —_ = — = — — 
” 1 % 
: * 
. 1 5 p 
\ . 5; 


—_ — — — — 
paar = — — —— —— — — 
— 
— oem — — ——— 
— — — — ͤ —— — — 


— 
Fug — 


— 
* 


PQ of the Curve: / 


will ſtill be affirmative.) The greateſt Root, however, 
not being affected with another qu} one, indicates a 
Maximum, according to the Rule above wy 225 
Io render what has been obſerved. ſtill mote 
conſpieuaua, let che given Expreſſion, 24 — 30 
| +16ax*— 3x7, be repreſented by the variable Ordinate 
| R; whoſe Abſciſſa AP is (as 
| Then, whilſt (124 X = * r „ 24—28) the 
Fluxion of the Ordinate cominues poſitive, (or till - 
becomes = & = AB) the Ordinate itfelf will increaſe: 
But at the. Poſition: BM it becomes ſtationary (if I may 
be allowed the Expreflion) the Fluxion being then = ©. 
After which, the Fluxion being apain affirmative, the 


Ordinate will again increaſe, till » becomes = 24 {= 


AC); when, the Fluzion becoming Nothing, a fe- 


T 
2 


— 1 
5 9 
"IN e 
I q 
— 2 | : + 
* 
, 


50 
11 * 8 F Fo # 
. * * 
7 ö x „ 
2 <a 
a at 1 8 OE Y — — — —— 
* wm 5 1 N FIR 7 * * FR 2 „ 
. *.& * =y - 
. . Cc . 
. * * 
: ; P 5 
> . « P < 274 5 
- * ; „ >”  o% 4 4 i * 5 { ; . 
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cond time,) and afterwards negative, CN will be a 
Aaximum: Mace after which- the Curve deſcends. be- 


low' its Axis, and continues to recede from it in in- 


Another Thing there is that ought to be nee in 
Fa is, 


the Solution of theſe Kinds of Problems, 

whether the Maxima or Minima, found by aſſuming 
the Fluxon o, fall within the Limits preſcribed by 
the Nature of the Queſtion or Pigure; which is often 
reſtraimed by Conditions that do not enter into the al- 


ion. 


Thus, for Example; A r e 
that Point (F) ia a given Ellipfis ABHD which, of all 


others, 


de Maximnis \& finimis. þp 


| others, is the moſt remote- from the Extra Nef de 
_ conjugate Axis BD. 


Then, drawing + 
FE parallel to the bd 
Tranſverſe. AH, and 2 
E e i 
ave, by the Pr 5 
of. the Sure . 
(Sn * n ms 
+ bx—# * © T5 from 1 — g 
whence x is. found : 

— But, from the Natur of the Fi igure, * | 
greater Value that x (=BE) can poſſibly admit of is 5 
1 therefore if the Relation of a and 6 be ſugh, 


that A - = is greater; than b, this Solution is manifeſtl 7 
; meh, 2 To, determine the Limit, therefore, 


make — = 55 cher it will be found that 26 = G. 


Whence the foregoing Solution can anly obtain when 

28D 7 is equal to, go leſs than AH. * 
Agein, it ought to be alſo confidered whether the | 

Value of x, found by the common Method, gives a leſs 


atity for the Adaximun, and a greater for the Mini- 
Gyan ay] will ariſe ns n the Extremes thenifelves by 


* wick & iv limited. 
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Saltim of Probs 


Here we ſhall, by taking the Fluxion; Ec. have 2 
28, or x=a: The — of which Values gives the cor-- 


reſponding Ordinate BP = 2 A. ; and the latter, CQ 


= @: But the firſt of theſe is not the greateſt of all 
others, becauſe the Extreme DR exceeds it, being = 
24 3 nor is CQ the leaſt poſſible, becauſe the Ordinate 
at the other Extreme A is nothing at all. 

Sometimes 'one, or more, of the Points o S, e. 
determining the Maxima and Minima, will fall below 
the Axis AF, (as in the annere Fi; 


ure). In which 
Caſe the correſponding V | al Expreffion, 


repreſented by the Ordinate, will be negative: But at 


| the Points b, & d, Oc. ya? the Curve interſects n= 


Axis, it will be equal to * Wheies (by the | 
2 the Reaſon why the Roots of an Equation. (x 
> +Þx.. e =09) ud impoſſible by Pairs 


is wg For, ſeeing. ab, Ac, Ad, Ar, Sc. are the 
Roots of that Equation; or the different Values of x; 


when the Ordinate ĩ — r +0": ae. Fe bt y 
(MN) becomes equal to Nothing, . it is plain, if Pa, 


expreſſing the given Term 9, be inereaſed to Pa, fo 

that AF (then coinciding with af) may touch the Curve 

in 8. the 3 Roots Ad and Ar "will _—_ wr 
: | 3 6] 


* whereof the Fluxion 2x*+—baxx bein 


de Maximis & Minimis. 
equal; and if g be farther increaſed, ſo. that the Axis 
may fall wholly below the Curve, not only thoſe two, 


— 
* 


Various other Obſervations might be made, relating 


to the Limits of Equations, determined by theſe Maxi- 


ma and Minima; but this being foreign to the Matter 


in hand, I ſhall content myſelf with one Remark more, 
vix. e | 2s bn 


mits of two or more equal Roots, has as many ſuc- 
ceeding Orders of Fluxions equal ta Nothing, at the 


ſame time, as are expreſſed by the Number F thoſe Roots 


minus one. _ 


Thus, an Equation, having three equal Roots, has 


both its firſt and ſecond Fluxions equal to Nothing, 


when the Fluent itſelf is equal to Nothing. 


Hence we have another Way (beſides that given 


above) to know when a Quantity may have its Fluxion 
equal to Nothing, and yet neither admit of a Maximum 


nor a Minimum: For, ſince this Circumſtance always 
takes place when the Equation admits of an even Num- 
der of equal Roots {as has been already ſhewn) the 
Number of Orders of Fluxions, equal to Notting, 
at the ſame time (including the Firſt) muſt alſo be 
even. | | 


Hence, alſo, we have an eaſy Method for diſcovering 

when ſome of the Roots of an Equation are equal; 
and, if ſo, what they are. ee wal 

Thus, let *» — 3ar + 44* = © be propounded 

alfumed equal 

to Nothing, we find x=24; which will alſo be a Root 


| of the given Equation, if it admits of two equal ones: 
5 5 try it, therefore, I ſubſtitute 2a for æ, and find it 
anſwers. | 


Again, let 8x*—28ax* + 184*x* + 270 - 27 0 3 


whereof the firſt and ſecond Fluxions being _ 
axx + 


84ax*x + 3 + 274*s. and g6x*%3* — 1 


36d*#*, if the latter * aſſumed = 0, x = | 


Am Expreſſion which, being ut equal to | Nothing, ad- 


49 


50 


Solution of Problems, Kc. 


| Quantities, if the Equation propoſed admits of three 


equal Roots, will be the Value of each. of them: By - 


2 ning r, it will be found to ſucceed; Whence, by a 
well known Rule, the fourth Root(being = 5. — E 


* 2 2 nes, Yb IT ERR qo 
The Reaſon of theſe Operations, as well as what is 
aſſerted above, may be thus demonſtrated. 
Let - x r—w Oc. x AT BTC c. = o, 


| be any Equation, having two or more equal Roots, re- 


preſented, each, byr : Put y = &, and let the Num- 
ber of the equal Roots be denoted-by =; then, by Sub- 
ſtitution, ve have j X A+Bxr—y + Cxr— Me. 
= ©; which, by expanding the Powers of r — y, and 
putting a A Br Cr! &7.b = B+ 2Cr+3Dr, &c. 
will be further transformed toy x 4=by = We, 
=: Whoſe Fluxion nay” HI . + n+#2 . 
oy . is evidently equal to Nothing, when: , or 
its Equal y—x,. is Nothing (provided u be greater than 
Unity. It is equally plain, that the ſecond Flunion 
aces 41 27 WD od Lat”: bas 22 
1 11 5 7 —n+1 . ubʒ 41272. ＋T1. 9 
&c. will alſo be equal to Nothing, in the ſame Cir- 
cumſtance, if u be greater than 2, Cc. &c, 7 
Hence, univerſally, let the Number (=); of equal 
Noots be what it will, that of the Orders of Fluxions 
equal to Nothing, at the ſame time, will be expreſſed 
by that Number mizes one, as was to be ſhewn. 


n 
ASR. "m7 
Th age ir Soy Tons 


ta Curves... 8 
: . 34 1 
| 48. E T ACC be a Curve of ent kind, and 1 
the given Point from whence the Tanks 
to be drawn. 


| Cangeive it tine me to be carried along uni- 
formlyʒ parallel gh itſelf, TT A'to . 2 75 — 
at the ſame. tima, a. " Poing p >, move in that 
Ale 2 ATE outs wy - 68 A 5G: 
t m, or yal and paralie}. to mm) ex 
ae of / 942 the Celerity wheregith —.— Fine 


mg. is carried ot A8 expreſs” the corref 8 6 
iey of 


F n of he. In tle Poſition #Cg, or the C 


the Poi the Line mg. Moreover, through: the 


Pare Ei ne bt-line eh be frown, meeting the 
Aus of the Cur ee, 5 1 


1 E 28-94 
e v ww 0 


4 


* "E221 % 5 1 5 N 3 . ; 3 A 7 3 


* 


The Uſe of Froxions 


Now, i it is evident, if the Motion of p- along che 
Line mg, was to become equable at C, the Point 5 
would be at 8, when the i itſelf had acquired the 
Poſition m (becauſe, by H eſis, Cn and 8 ex- 


| preſs the Diſtances that might” deſcribed by the two 
uniform Motions in the ſame time). | 


And, if wp be aſſumed to repreſent any other Poſi- 


tion of that Line, and s the co rary * 5 


he P ſtil] 
e 


FARO LL 1 9 


F Am m mw . —Q 


time, by the two Motions, will, alwa WAYE, be to each 
other as the Celerities, or as Cx to nS: Therefore, 
ſince Cv: vs :: wa 18 (which is a known Property 
_of fimilar Trian ng es) the Point s will, always, fall in 
the Right-line FCS: Whence it appears, that, if the 


- - Motion of the Point p along the Line mg was to become 
uniform at C, that Point would then move in the Right- 


line CS, inſtead of the Curve - line CG. | 
Now, ſeeing the Motion of p, in the Deſcription of 
Curves, muſt, either, be an accelerated or a retarded 
one, let it be, firſt, conſidered as an accelerated one: 
In which Caſe the Arch CG will fall, - above” 
the Right-line CD (ws in Fig. 2) becauſe th © Diſtance 


in drawing Tangents. 


of the Point p from the Axis AQ, at the End of any 
given Time, is greater than it would be if the Accelera- 
tion was to ceaſe at C; and, if the Acceleration had 


ceaſed at C, the Point p would ( it is proved) have 
been always found in the ſaid Right-line FS, _ 

But if the Motion of the Point p be a retarded one, 
it will appear, by reaſoning in the ſame manner, that 
28 * * fall wholly below the Right- line CD 

Las in Fig. 2. 5 ; | 2 
_— wing the Caſe, let the Line "gs and the Point 
p, along that Line, be now ſuppoſed to move back 
again, towards A and m, in the ſame manner they pro- 
ceeded from thence: Then, ſince the Celerity of p 


(Fig. 1.) did before increaſe, it muſt now, on the con- 


trary, decreaſe ; and, therefore, as p, at the End of a 
given Time, after repaſſing the Point C, is not fo near 
to AQ,, as it would have been, had the Velocity con- 
tinued the ſame as at C, the Arch Ch = well as CG) 


Ch, in the {e- 
, below FCD: There 


con 
muſt fall wholly above the Right-line FCD. And, by 
uing, the Arch 72 

ore 


the ſame Method of argu 
cond Cafe, will fall, W 


FCD, in both Caſes, is a Tangent to the Curve at the 


Point C: Whence, the Triangles FC and CxS being 


fimilar, it appears, that the Sub-tangent F is always 
a Fourth- proportional to (nS) the Fluxion of the ordi- 
nate (Cn), the Fluxion of the Abſciſſa, and the Ordi- 
nate (Cm). | | | . 

| 49. Let ACG repreſent the propoſed Curve, and let 
the Right-line-FCD be a Tangent to it, at any Point 
C, meeting the Axis AQ (produced if neceſſary) in 
F: Suppoſe a Point p to move along the Curve, from A 


towards G, and let the abſolute Celerity thereof at C, 


in the Direction of the Tangent CD, or the Fluxion of 


” 


53 


the Line Ap ſo generated ®, be denoted. by CS, any 48, 
Part of the ſaid Tangent : Then, if AH, x avs m — og 


be made perpendicular, and Ipn parallel, to AQ, the 
relative Celerities of that Point, In the Directions Cn 


and mC, wherewith Ip = Am) and mp increaſe in this 
„ 2 9 


Poſition, 


by The Ne of FLUXIONs 


Ar. 35. Potion, will de truly-exprefſed dy On und 8: But 
the Celerities by which Quantities invertaſe are as che 
e * thoſe Quant irres: Therefore {CS be- 

. | ing the Flurion 
of the Curve-line 

) * On and 18 

are the corre- 

fſponding Fluxions 
of the Abſciſſa 
ks Am and the Or- 

: 55 -Ginate "np < And 

wee have $1 2: #C 

1 mP, the | 

ame as | 

e Fence? if the 
2 5 ry Am be 

= * * t = x, and the 

'Ordinate np =; 


we ſhall — 15 1 general Ex- 
prelhon, and the 33 expreſſing. the Relation be- 


tween x and. , the Ratio of the Fluxions & and j will be 


found, and from thence the Length of the ane 
5 (mb) as in che following Faampler., Soo 


EXAMPLE L 


50. To row a Right-lme CT, to touch a | given Cir 
„ BO, in . given: Point 8 


Let Cs be bree, to i AR, and 


nt and. $C- 
— on, 

| the «Property .of 

the Circle, N 
| 1(C8%) = = BS « 

B48 © - A AS (Dr 

r n 

whereof 


& 


in drawing Tangents. 55 
whereof the Fluxion being taken, in order to determine 
the Ratio of + and 5, we wy 20 = a& — 2x3; conſe- 


queneiy 7 . which, Multsplted by, 


gives 75 ==> — the Sub-tanae ST.. : Wue * „ _ 


Q— 2x 0X 
8 being 8 the cd we have OS MOEN 
8 ty) :: CS (9): ST; Which we alſo Enow from 
other Princi ples. 


EXAMPLE IT. 


1. To draw a Tangent to any given Point "x th 6 co- 
5 nical Parabola ACG. oh | 


"If Late Rektum of oh Curve be 8 b 
the Ordinate MC dy y, and its * Ab itt 


odd. 


"ag A- M 3 


AM by x; then the known Equation, expreſiing the 
Relation of x and y, being ax = y*, we have, in 5 


3 whence Ld = z, and conſequently 5 +4 + Art. 48 
I and 49. 


2 —— ä = MF. Therefore the Sub-tangent | 


is juſt the "double of its correſponding Abſciſſa AM: 
Which we likewiſe know from other Principles, 


nnn. 


E X A M P L E III. 
32. 75 draw a Tangent to 4 Parabola of aw lind. 
| The general Equation of theſe ſort of Curves 1 


. dw CCC 


=, we have nd n N "Mt = 35 
| * al mer 
. : * X - ; 
and therefore = = —_ 5 — ; whence 2 . 
= 9 na x = ", 
242 1 | ELLE: 2 (uh 2 4 FI 5 
mM —1 „ W + 4 
na Xx na x | 
7 


Xx = the true Value of the Subtangent : Which, 


haves; is to the Abſciſſa, in the oonſtant Ratio of 
m N be " A 


EXAMPLE IV. 


To draw a Tangent RT, 7 - iven Point R, in a 
* "given Elliphs BRA. ; 


If RS 5 an 
2 to the 
princi Axis 
AB, and there 


"> BE be put (os uſual) 

T 8 5 Deus, 
 AB=g, and the 

leſſer Axis = =I; we fhall, by the Proper of the Curve, 

have a*: b :: ax—x* (BS x AS) : * (RS“), and there- 

fore b*x a -* * y*: Whence ME; 2x3 =20"yj, 

| and = * _— 9 8 : and — the Sub- tangent 


Art. 49. 87 2 = ELD 8 — 6".X ee 
* 2 — 2 Fe N- 
ä 4* 


in PO 7. _ 


F | Whenee the Point T being des, through 


24 — 


which the Tangent muſt paſs, the Tangent itſelf may 


be drawn. 


But if you would derive / an Expreffion for the Sub- 


tangent, in any other kind of * gr the coni- 
cal) let the Equation 4 — x1" xx" == — 7 * 7 ., echibit- 


ing the Nature of all Kinds of Elli „ be aſſum- 
ed: Then, by taking 2 Fluxion „ you will 


| have — m x TF x x + 4 W rr” i 


** * = 
= = x mÞ+#Xy, 33 and therefore — = 
n C n bags * * 
W N NX 
2 ME... »„aäͤ—é— — ti 
x «ͤ 7 how” fn Cod 
cs 77} x 42 — * | x * 3 nx {IO 


- * a—al" 1 | = 


| „ = aA) x x e Feet 
' SN NEE 


7a * ax — x 


nam M MX Xx 


; which is the Sub-tangent required. 


11 ves 5 


57 


54. ee to ery given Point Bin 0 gi * 


Hyperbola B Rb. 


If @ and c be put to denote "2 two principal Dia- 


meters of the te _Hyperbols, the Equation of the Curve 


will be c * A = From whence we have g x 
| g 6+ 


—— — rr ate RE Br EO ETON * 


58 


and 4g. s 3 


- , * 


The * — os 


* 


a eee — Fee . l confequent- 


4 148 * * 1 


PP. - + x LY 
"hence ar r — 


- By) = == is allo 


known ; » and there- 
fore the Point 'T 3 given the Tangent RT may be 


drawn. 
The Manner of dra Tangents to all Sorts of 


Hyperbolas, . Il be the ſame as in the El- 


lipſes, the Equations of the. two Kinds of. Curves dif- 


fering in Nothing but their Signs.” 


EXAMPLE VI. 


55. Let the profes Curve be that whoſe ons is 
* + xy opts EET 


Then we ſhall have 2axx +5 22+ 2 + 57 315 


So; therefore Zara 4 r F= | 


35.— * — 37 —y *% 
> ans e N 7 * 


Ex 


in 2 * { 


32 "EXAMPLE " Ar tv 
6. 2 the given Curve ze the Ciſid of Diet, why 
* Tatts a if 


F _ 
* 
1 4 * 


* 


Here wehave: 29= = 2268 Tens MN ere er, 


Whears Z * 52 = and conſequently the Sub- 


EXAMPLE VIII. 


. Let the Conchoid of Nicomedes be pr rats td; where- 
| of the 2 is ſuch, if _ a Point B, _ 


, x the Pole, any Wader of Riede. nes, BA, BR, 
BR, g. be drawn, the Parts of thoſe Lines CA, 

| R, UR, Sc. intercepted by the Curve and its Axis 
Cr. ſhall be, all, 2 to each other. 7 


In 


| 
| 
| 
| 
1 
g 


60 


N 
a+y 


The Uſe P Pr.vxI0Ns | 


In this Caſe ( ſuppo og AB and RS Sewer 
and RH | cad; OY to or ; and putting S v 


(AQ) = „CS, and As =y) we 2 ped og 


Triang. n (BH) : x (RH) :: 7 (RS) - — =: 
But Sv (V Rv*—RS)) is alſo = * 7-7; eaten 
= or & N A x Fo is the 


general Equation of the Curve; 3 whic which, in Fluxions, 


gives 2 +25" 1 x a+yx Po 1 4275 = 
25 x 415 * 588 3 and therefore = = 


2 =22: 
xy” 

* '7 K y x &© — og „ 
225 | 


2 — Inna. "EY —— 


ed = 4 = 


= 


the oe _ be amn a as in "as TO 3 
| 15 


e ** 449 r = (becauſe x 
= IH" x Pg = eee 
= 


Which being A. negative Quantity, the 


—— — . 


WV By * 


Tangent will therefore fall on the contrary Side of the 


Ordinate, from the Vertex; and ſo, by changing the 


for the Sub- tangent 


abb 
Signs we ſhall _ 777 


ST in this Caſe. 
After the Manner of theſe Examples the Sub-tangent, 


in Curves whoſe Abſciſſas are Right- lines, may be de- 


termined: But if the Abſciſſa, or Line terminating the 
Ordinate, on the lower Part, be another Curve, then 


Ex- 


* 
* . 
4 £ 
1 ® - a '® * « , wee, 2 
K 0 o 
in ara Tangents. 
* 

* 3 5 


* 
e X 1 s 4 . - 
| da "© W254 is "4 + F224 g 7 : ene 
i 7 4 . » * 
© 0 * 3 4 
"EXAMPLE E. TS: 
e * K 


58. Let the Curve BRF be a Cycloid; whoſe 


Abſciſſa is here ſuppoſed, to be the Semicircle BPA, to 
which let the Tangent PT be drawn (as above). More- 
over let RH be a Tangent to the Cycloid, at the cor- 


5 


n 
reſponding Point R, and let GRe be parallel to TPo; 
putting the Arch (or Abſciſſa) BP=z, its Ordinate 
PR=y, AF, and BPA =c : Then, by the Proper- 


ty of the Curve, we ſhall have c (BPA): b 1 cox ) 11 


1 


(BP) : 7 (PR): Therefore y = S, and j=—== rec 


But, by fimilar Triangles, re (5) : Re (= PY =). :: 


PR (9) : PH = 7 x (becauſe pe- E). There- 
fore, if in the Right- line PT, there be taken PH, equal 


to the Arch PB, you will have a Point H, 
* which the Tangent of the Cycloid muſt paſs, 


0 59. Let BPh be a Curve of any EKind, to which the 


Method of drawing the Tangent cPg is known þ 2 


61 


and 49 · = 5 Then, "fr tee} (3): K (fe 
VFFT) K 0 en = 25D, Bet, 0 


The De of Fromons 
BR be another Curve of ſuch a Nature, that the Or- 
dinate PR (y) ſhall WA be- 


Fey N 


- : f ; 
f E 

. 5 8 5 

| ; | | a B 5 Wh. | | | 
* 99 S2 8 2 — 7 B24 Fro — 

5 5 . 7 4 * ; — "1 4 4 » 
* ”Y — 
1 : 4 of 5 4 P 
7 a 


d as ſuppoſin ars Peg. 
Art. 48 er to ig ö — (0+) 15 and er 


Po E &, SP =v, oc = © *, 


the « Equation of the Curve, J =ax—xx ; 3 whence 2yj = 


a 


. 22 : Which vill. be expreſſed inde- 


— 
rp of F Fluxions, whew the Property of the Curve 
, or the Rejatian of * and is gen: Thus, let 


BPþ bo the common Parabelaz- and: AB W 


1 3 and therefore PH = 


” Oht c pe. /% 


teh Tapes 


Poa being = 1) 9 e l be SITS 
mos Z= BLSEL, and therefore PH 


* 1 


— ED) Ae: 2 — 

1 ar 222 , Ce 154 % 
Thus far relates Cs cho Opiate are pa- 
rallel to each other: We come now to Curves of the 


EDT; all iſſue frame a; Point: 
BAG, Whoſe Oudinates CB, CA, 


CG, abe 9 the Point ©, + calledthe Center 
| of tho Spiral. * e 


ILLUSTRATION. 


60. Let SAN . . 
Tangent to tha . 338 
Spiral at any Point A, | 
alſo let CT be per- 
pendicular thereto, ' 
and let the Arch CBA 
| (conſidered as variable 
by the Motion of A 
towards G) be de- 
noted by z, and the 


Ordinate CA by Jo Sb 
Then £:3::AC : 
gn 
(5) : AT = . W 


Hence, if upon \ CA, as a 1 a Semi- circle be 
deſcribed, and in it, from A, a Right-line AT equal 


to 2 be inſcribed, that be will be a | Tangone | 
to the Spiral at the Point A. ; jo = 8 


E M A M PL R I. 


the Nature of en 


6* Let 
Ga the Laren CBA may be, always, to its cor- 
| OY - 


8 64 The Uk of Fr uxions s 


N : reſponding Ordinate CA in a conſtant Ratio; namelj 

| | as 4 tob: Then, betauſe x: :: : l, Der 

| ; . Et — | 5 b 

| 7. 2 . and r AT (2) 22 x 

AC : Therefore, AC and AT being in a conſtant Ra- 
tio, the Angle CAT muſt alſo be invariable. Which is 

| a known Property of the logarithmic Spiral. 

62. Let BAA be the Spiral of Archimedes; whoſe 
Nature is ſuch that the Part EA of gay. ting Or- 
dinate, intercepted by the Spiral and a ircle BED de- 
ſcribed about the ſame Center C, is always in a conſtant 
Ratio to the correſponding Arch BE of that Circle. 


. BAIT . bas 9s p IA UL 0 as 49% Drew BE DOG. 282 * 1 
. 
* „ 
' 8 


223 22 — 1 „„ 


F 
Suppoſe An perpendicular to AC, &. 1 
Put BC c, CA=y, and let the given Ratio of AE 

| _to.BE, be that of b to c Then ö: c:: 5— (AE): 

| IJ ==BE: whoſe Fluxion therefore is 2. Now 

3 2 


in Curves of contrary Flexure. 


if the Right-line CEAa be ſuppoſed to revolve about 
the Center C, the angular Celerity of the generating 
Point A, in the perpendicular Direction An, will be to 
that of E as AC kc, rn the latter of theſe 


ane by T- 2 the former will be ex- 


preſſed by 2 2 x T, or! or 7 : Which i is to (5) the Celerity 


65. 


An. 5. 


of A, in the <2 Aa, as © to Unity, or as y to h 


b. Therefore CT and AT are in the ſame Ratio, (by 
Art. 35) and conſequently AC: CT: : Vys: 


y; and AC: AT::Vy+3:5; whence CT and 


AT are ual t 2 „ and — 
enn, ir  vy +: 
9 wy From either 5 which (the Tangent AT) 
— — wn by Art. 60. And, in the ſame manner 


re- 


may the Poſition of the ** os any other __ | 


be determined. 


. R 


SECTION IV. 


Of the Uſe of Fluxions in 8 the 


. Points of ——— or r F lexure 
in Curves. | 
HEN a Curve ARS is, in .one Part AR 


6 
; Concave, and in the other Part RS con- 


vex, towards its Axis AC, the Point R limiting the 7 


two Parts is called a Point of Retrogreſſion, or con- 
trary Flexure. The manner of determining which * 


appear from the following 


F ILLUSTRA- 


66 The Ve of Fiyxions 


ILLUSTRATION, — = 

. Suppoſe a Ripht-line BD to be carried along uni- 

formly, parallel to itſelf, from A towards C; and let 
| OY the Point 1 fo 


FOOT | move in that 

D 'Þ; $- Lin, ache frme 

| 3 time, as to trace 
3 out, or —— 

, 2-0 4 © the given Curve» 


R. | TT, Then (by Art. 
3 418.) while the 
———J Cn of the 
Þþ Point r, in the 
Line BD, de- 

creaſes, the Curve 


1 | 3 will be concave 

i — n to its Axis AC; 

| We B | B | B C but when it in- 

CcCcreaſes, convex to 

the ſame: Therefore, as any Quantity is a Minimum at 

5 the End of its Decreaſe and the Beginning of its In- 

*Art.22, Creaſe ®, it follows that the ſaid Celerity, at the Point 

of Inflexion R, 'muſt be a Minimum  Whence, if the 

tart. 5. Fluxion of the Ordinate Br, expreſſing that Celerity 7. 

be (as uſual) denoted by 5; then will 3 (the Fluxion 

tArt.2z, of 5) be equal to Nothing in that Circumftance 1. | 

So far relates to Curves which are, in the former 

Part concave, and in the latter convex, to their Axes : 

But if (on the contrary) the Celerity of r firſt increaſes, 

and then, decreaſes, that Celerity, at the reguired Point, 

| between. the Increaſe and Decreaſe, will be a Maxi- 

o—_ ; and CORE Fluxion (or 3) is je equal to 
FArt.22, Nothing in this Caſe 6c. bt 

F * Jurong if oy (perpendicular to AC) be now 

conſidered as an Axis, and the Abſcifſa Sz. (or its 

Complement Br = y) be ſuppoſed to flow uniformly, 

(as AB was ſuppoſed before); then, by the ſame Argu- 


ment, the ſecond Fluxion ( — #) of the om 
5 or 


in Cur ber of contraty Flexure. 67 


Gy or ity Complement AB = +) will be equal to Nothing. 

it is erident that, at the Point of contrary Flex+ 
ure, the ſecond Fluxion of the Ordinate will become 
equal to Nothing, if the Abſciſſa be made to flow * 


formly ; 3 and vice verſa. 
| EXAMPLE I. 
64. Let the Nature of the Curve ARS {/ze the Fre- 


ceding Figure) be defined by the Equation ay Sar + 
xx (the Abfciffa AB and the Ordinate Br being, as 
uſual, repreſented by x and 1 Then 5; 
3 the Celerity of the Point r, in the Line BD, 


will be equal to Late he T2. Whoſe Fluxion, « or 


that of 4 „ @ and 4 are conſtant) 
uſt be equal to Nothing *; that is, _ * 45 + 277 Art. 63. 
22 0: Whence ai * = =8, at = 805 64x = - af, and 


pry therefore BR (= os ar) 


From which the Poſition of the Point R.i bs — 


EXAMPLE II. 


* tn the Nature of the propoſed Cutve be defined. 


by the Equation ay aa - * = ©. 
Then, by taking the firſt and ſecond Fluxions thereof 


(ſuppoſing * conſtant) we ſhall alſo have 2055 — 4a — 
4x*z = o, and 2% + 2ayj — G =0; whereof the 


_ fatter, when 8 is WM becomes 245? = 6x5 So, and 
_ therefore 5 F 2 =. But, by the former 3 ; 


2ay 
x#* of; Ii * 
whence — = . „ and conſequently 12axy* 


F-2 : = 


P 
— 


68 Tze Uſe of Fiuxtons 


Sa + 88d“; but, by the given Equation, 1259. = 


* + 12x*, therefore 12 + 124% = @* + 3 * 7 
a * „ —=a*=0: Whence x will be found = 


| 1. 


, 


1 
Since of err +, we have y= = 23, and 


mentor 3 = EEE SAEED * Wha 
a | 

Fluxion, or that of a + 3x* FEI" CET a 8 | 
= 

4 is conſtant) being put = o, want 6x fe) 
+#+ 3 x — EIT x o, or 6rx 


a F 3 Fan” Xx nn nn — . = : Whence 3%* + 6 a 


6 and x V 4 the ſame as b 
fore. 


E X A M PLE III. 
66. Let the propoſed Curve be the Conchoid of N;- 
comedes, whereof the Equation is & is & * = a+y} x 
Ez 1T.= 
* 


Art. 57. F= * — „7, or x 


LE £74 | Here 


in Curves of contrary Flexure. 


— r= — 
2 


e Here we have x#= 
EE » X a+} * by 8 | a+yx ab*+ 1 
— — 7 * . 75 0 XY 
——a*b* ab* 3 | 1 


1 2225 R 
riable, we alſo have #*+x# = * ＋ * 1X: 


os ey an. 
Which, becauſe & is = o, will be a = n+ I An. 63. 


— = 
EY: _ .. But fince, by the 


a+y x ab"+y 


former Equation, xx = — 


2 -- Im 2 
wiſe get z „ 2 


3a 3 2ab* - x of ATN xab*+yI*: But, by 
the Equation of the Curve & “ is = a+ „; 
therefore gs zal X a+) X= = a+ * 


x ab T, and 34 0 + 2ab*y—f x b*—y* =ab*+ IT; 

whence * + 4ay* + 3a" y*—246* y—2a%* = 0; bin 
divided by y+a, gives * + 3% — 2b. = o; from 
whence y may be determined. But if b=a, the Equa- 
tion will become more ſimple by dividing again by 
5a; in which Caſe we get y*+ 2ay — 24 = o, and 
conſequently y = ay/ 3——a, 5 | 


EXAMPLE IV. 


5 67. Let = 180 — 110411 o -* 
A will 5 = 360 — 3304 w + 120ax% — 
15; | | | 


Jxaby+f/—f—pxa+N xy. 


x , and conſequently 


65 


— — — — 


70. 


EArt.63, 


The Uſe of Fiuxtons, Ge. 


And % = 36 66 + 360ax*x* — box*;* 
Therefore, 6a*—114*% ＋ H - = 0*: 
Which being diviſible by any one of the three Quan- 
tities a— x, 24—x, or 34—x, the Root * muſt there- 
fore have three Values, a, 24, and 34, and conſe- 
quenily the Curve, defined by the given Equation, as 


many Points of contrary Flexure. 


But, if yau would know whether the Part of the 
Curve lying between any two adjacent Points, thus 
found, be conyex or concave towards the Axis; fee. 
whether the Value of the Expreſſion for the ſecond 


| Fluxion of the Ordinate, between the two correſpond- 


Art. 5 
and 48, 


ing Roots, be poſitive or negative: For, in the former 
Caſe, the Curve is convex, and in the latter concave +, 
(provided the whole Curye lies on the ſame Side the 
Axis). Thus, in the Example before us ; becauſe the 
ſecond Fluxion of the Ordinate is always as 6. —1 1 
+ baxx—x* (= Ax x 2a—x X 3a—x) and it appears 
that the Value of this Expreſſion, while is leſs than 
the firſt Root a, will be poſitive z the Curve, there- 
fore, at the Beginning, will be convex to its Axis: 


But when æ becomes greater than a, the ſaid Expreffion 


being negative, the Curve will then be concave, and fa 


continue till x is equal to the ſecond Root 223 after 


found as above is not a Point of Inflexion, becauſe the 


which the Fluxion again — affirmative, the 
Curve will accordingly be convex till x 34 beyond 
which Limit the Curvature continually tends che ſame 


Way. 


But it will be proper to obſerve, that there are Cafes 
where the ſecond Ho of the Ordinate may become 
equal to Nothing, without either changing ita Value 
from poſitive to negative, or the contrary, (ſimilar to 


thoſe already taken Notice of in $42. II. p. 45 and 46.) 


which Caſes always happen when the Equation admits of 
an even Number of equal Roots: And then the Point 


Curvature on either Side of it tends the ſame Way. 


SECT. 


SECTION V. 


The Uſe of Fluxions in determining the Rathi 


of Curvature, and the Evolutes of Curves. . 


© a OH is ſaid to be the Evolute of nds ; 


| ther Curve ARB, when it is of ſuch a Na- 
ture, that a Thread ROH, coinciding therewith: (or 
wrapped upon the ſame) being unwound or diſengaged 
from it, by a Power acting at the End R, ſhall, by 
that End (the Thread continuing tight) deſcribe the 
given Curve ARB. 


ILLUSTRATION 
From the Point O, where the Right-line RO (called 
the Radius of Curvature) touches the Evolute pOH, 


A 8 | 4 


| = | 
let the Semi-circle SRD be deſcribed ; which Semi- 


circle, having the ſame Radius with the given Curve, 
at R, will n— have the ſame Degree of Cur- 


vature, —— But the Curvature in two Curves is the 
ſame, when, the Fluxions of their Abſciſſas being the 
ame, both the Firſt, and Second Fluxions of their 
| T4 cor- 
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UArt. 48. 


— A. 48. 


Art. 19. 
Art. 48. 


the Abſciſſa An (*) and Ordinate 
poſed Curve ARB. Therefore, by writing &, 5, and j, 


Of the Radii of Curvature, 5 5 


correſponding Ordinates Rn and Rm are reſpectively 
equal to each other: For, the Firſt Fluxions being 
equal, the two Curves will have, at the common Point 
R, one and the ſame Tangent RH “: And, if the Se- 
cond Fluxions be lkewife equal, the Curvature, or 
Deflection from that Tangent, will alſo be the ſame in 
both; becauſe theſe laſt expreſs the Increaſe or Decreaſe 
of Motion in the Direction of the Ordinate , upon 
which the Curvature intirely depends 1. 3 
This being premiſed, let the Abſciſſa 8m of the Semi- 
circle (conſidered as variable) be put = w, its Ordinate 
Rm=v, Rr gab, rh, and Rh=zs: Then, Rh be- 
ing a Tangent to the Circle at RI, the Triangles Rhr 
and ROm will be equiangular, and therefore a (Rr): 


= (RA) :: v (Rm) : RO = — ; which, becauſe the 
Radius of every Circle is a conſtant Quantity, muſt be 


invariable, and conſequently its Fluxion —.— 9 


N . © .2 
Whence v is found = — =i— (becauſe, « being 
I | — — V 


| conſtant, and 4b PY * = , we have, in Fluxions 


© 00 * 0 ; VE * * 
20 2, and ſo — ==) Therefore ſince vis = 
; - * N 1 


52 . 73 I. 
=>, wealſogetSO=RO (E)= ===. 
— | | - \ ap — wy — 
Which laſt is a general Expreſſion for the Radius of any 
Circle, whatever, in Terms of the Fluxiong of its Ab- 
ſciſſa (w) and Ordinate (v). But, by what is premiſed 
above, theſe Fluxions are mm equal to thoſe of 

n (y) of the pro- 


Y | ow 2 3 *3 
inſtead of «v, ©, and ö, we have 2 * Is (= E 


for the general Value of the Radius of Curvature, RQ, 


5 0 The 


ond the Evolute of Curves. 


/ 
1 


If the Radius of the Circle be put = R, and every 
Thing elſe be ſuppoſed as above; then (by the Property 
of the Circle) we ſhall have v* (Rm) = 2 Rw— . 
(Sm x Dm) : Whence, in Fluxions ( making ab conſtant) 
we get 20 = 2R.π¾-) ƷS- 2, and 2v*+2vy = —2w*: 


From the laſt of which Equations v is found = 2 —. 
5 | | => 
_ AT 


2* * 
== and conſequently RO ( =) 2 = 
the ſame as before. 
Vn Otherwiſe without the Circle. 


Let RO and 7O be two Rays perpendicular to the 
Curve, indefinitely near to each other; and from their 


73 


Interſection O, let OF be drawn parallel to Az, cut- - 


ting Ru and AF (parallel to Ru) in E and F. | 
| "Fherefore, fuppoſing RE=v, A r, Ray, oc. 
(as before) we ſhall have, by ſimilar Triangles, as RP 


— 


: ) FT * * E - O 
(*) : Pg (3) :: RE (v: EO = =; and conſequently 


FO (Ax TEO) = x+ 2 Which Value (as well as 
| | that 


8. * Of the Radi of Curvature, + 


- that of AF) continuing the ſame whether we regard the 
| Radius RO, or the Radius 7O, its Fluxion m muſt there- 


fore be "equal to Rt that i is, 2 + — — 


203 abs 2 = » and 1 RO 
( _ Pat js Bat 

$7  Jji—sy © jims g 
is ſuppoſed conſtant, or # = ©, will become = 
above, 


But if i be ſuppoſed conſtant, it will be 2 And, 


: Which, if x 


5 &$ 


if £ be conſtant, it will then be r =: For, ſince & + ;5* 
=X's by taking the F _—_ thereof, we have 2xx + 
2 ro whence j = — — - ; and therefore RO (= 


23 E 3 DES: 5 35 3 
7 7 7 ==>, as Ns. 
J 344 — J j + KE 


Now from the ſeveral Values of the Radius of Cur- 
vature RO, found above, the correſponding Values of 
Az and O will likewiſe be given. 

* if + be made conſtant; then, RO being = 


=7 we ſhall have Az ,t Z * RO) = 


x+= ES and 0 (u R 7 = «RO—Rn) = = | 
— | 8 84 
But, if 5 be made conftant, then, RO being 2 


2 


we ſhall have AE = x + > and eO = 772 | 
5 Laſtly, 


ana the Evolute of Curves.” 
Laſtly, if à be ſuppoſed conſtant; then RO being 


=, we ſhall have Ae= x + S and O -. 


Which ſeveral Expreſſions will ſerve as ſo many ge- 


neral Theorems for determining the _—_ of Cur- 
vature, and the Evolutes of given Curves: But, before 


we proceed to Examples, it will be proper to obſerve, 
that the Right-line Ap, denoting the Radius of Curva- 


ture at the Vertex A (to be found by making x, or y, 
= ©) muſt always be ſubtracted from RO and Ac, to 
have the true Length of the Arch pO, and its corre- 


| fponding Abſeiſſa pe. 
= EXAMPLE I. 
69. Let the given Curve AR; be the common Parabola, 


whoſe Equation is y= abs”: Th en will z= 4 


1 2. 2.—1 


= E and (making # conſtant) =— x1a a - 
* . Whence à ( = 29 = 


# + and 


| 
| 
| 
| 


76 
| and the Radius of Curvature RO (S) — . 


Which, if uz, will become = 


Of the Radi of Curvature, 


Which at the Vertex A, where 20, will be = 44 = 


| fore pe (Ae—Ap) = 3x, the Abſciſſa of the Evolute : 


2 4 . | 
Likewiſe Oe (= —) = &= the Ordinate of be 


Evolute. Therefore, [02 x a being in a conſtant Ratio 

to pe], namely as 16 to 27, the Curve is, in this 
Caſe, the Semi-cubical Parabola ; Whoſe Arch pO 
nn 

( 7) is alſo given = — A 2 


% 


EXAMPLE II. 


70. Let the Curve ARB denote a Parabola of any 
other Kind : Then, becauſe y = ar is an Equation to 
all Kinds of Parabolas, we have j = na and j = 


n Xx 1—I Xax ⁰² ** : Therefore & (y/x*+5*) = 


— 


2» kg 3 2n—2 
. 2 4 In—2 23 ) TT ITW 5 
— 1 : *2. 
. x+3a%__ O- — — 
2 2 %% — 1 


1 + 2u—1xXnax 2 nao 


, and Ap = _— — 


— —1 R 
— — X 4x 


f 3 but, if x be 


greater than 2, it will be = o; and, if u be leſs than 4, 
| it 


and the Evolute of Curves. 


it will be infinite : Whence it appears, that the Radius 

of Curvature at the Vertex will be a finite 8 

— whoſe firſt (or leaſt) Ordinates are in the Sub- 

x cuplicaty Ratio of their Abſciſlas, and i in all other Caſes, 
ither Nothing, or Infinite. | 


EXAMPLE m. 


71. . the given curve to be an Ellipfs ; whoſe 
Equation ( putting a and c for the two principal D ia- 
meters) is 4 C x ax . 

Here, by. taking the Firſt and Second Fluxions of the 
given Equation; we have 24% = ol X a — 2x, and 
: 24" y" ＋ 24y 24 = COX X - 25 = — 20 x* ; whence 3 = 


. = ==; Which, by ſub- 


Sits? the, Values of y and 5, will become += | 


cr X 222 * „ 2 — 2 


and — —— DE 
"RY —_ 55 4a X ax - XxX X acy ax — x* 
+ 19 a=2x| +4 Xax—oa* __ | ca 
mrs ON eee, Mal 


Therefore 160K FF) = EXIST 3 


4 X 4 - 


„ and the Radius 0 of. 


Oa*+a*—=O N 4 —4x* 
* | = 


II 
©. 


Wo 


— 
- 


| Re 


2c 


when the Diameters a and c are equal, or the Elli 5 


degenerates to a Circle, will be every where eq 


. — — * : Which 


. „ or 223 —_— to the Definition of a * f 


| 


| 
|; 
| 
{ 
| 
| 
| 


* 


2 — 


— — 


| 
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Of the Radi of Curvatie, 


"EXAMPLE IV. 


72. To fnd the Radius of Cirvature, and the Zuolus of 
the common Cycloid. 


Let ARB be che given Cutve, and AOH its Evolutez 
alſo let Rh and OS be parallel to AC, and O and Rm 


3 

A 
--+- 
'1 4 

In ; NC 
8 5 

<> EN 

* - 


perpendienlar to AC; and put ARB (=280)'= 2A, 
AR x, Ang x, and 400d p Then BR =a— , BY 


N: and, by the Feng of the Curve, a 


(AB?) : 4— 2 (ey e fawn Fe 1 —7 (Bb) 
20% — 2* ab 
whence y= 25 — 


G 522 204%— = EE 4s SSC W1 - 1 | 


a* . 
(making : z conſtant) # = —==—= is =; from which 


and the Evolute of Curves. 


79 


we get RO, I = os —©, and 4, Art. 6 8. 


i or 48 — 99 2 do | . which, al 2 , 
or ROH coincides \ with BY, become AOH (BH) = a, 
and CH (AG) = 2. Hence, becauſe it appears, that, 
apron AO- (2 — 2) .: 40 (4a) A8 


J it follows that the Evolute Al is alſo 3 


Spear ual, and ſimilar, to the Involute AB. 
If the 1. had been given, or ſuppoſed, a Cy- 
cloid, and the Invotute required, the Proceſs would have 


deen, more ſimple, as follows, 

| 82 AH (2AG) = a, AQ (RO) x, AS ==x, 
80 BR =v, BS = u, Rr = d, * Th en 
it eil bet, e 


EHIG : Om : OR) : ; Re (=) : Br . 
K 25 : (RO): Om => 

27's * KO Rm = 
| Whence we have v = — -a. 


and An (os 22 - Om) = = 1—==Z =; which — an- 
ſwer to any Curve whatever. 


At. 18. 


But, i in the Caſe above propoſed, AH* (af) : AO® 


(x? ) :: : AG (ic): AS (x); therefore x = =, 2 = 
and j ( 7 — 9 = = LIE, and conſequently Rz 


(E- : 1 „ 
D ( en OR 20-10 (or CB— Bb): 


Whence 


— — ——— — 


| 


þ 
0 
; 


of \ the Radi of Curvature, 


| | Whence allo ur = A md (50 = ra 


| ==: Thinefore it will be ©: 4 (: 4: TD 


2 . . that is, as Ry: R:: VBG: 5 
Which is a known Property of the Cycloid. 
Hitherto regard has been had to Curves where the 


- Ordinates are parallel to each other: But when the Or- 


be thus derived. 


n.33. e . : 
noted by = and p reſpectively. 


dinates are all referred to a given _ as X 
Sc. other Theorems will become peceſlary may 


N. * Let ARB be the 5% Carre, p a Point, 
el cons to which its roinates are : referred, NOL 
the Evolute, 
and RO the 
Ray of Cur- 
vature at R: 
Moreover, — 
PH be pe 
* to te 
and, ſuppo 
the Ordinate 
PR 6) to be- 
come variable 
. of the Motion 
the Point 
along the 
| Hoy et the 
Fluxions of AR 
and PH (), 
exprefling the 
Celerities 
the Points 
and H in Di- 
rections per- 
| ge. to 
O, be de- 


Therefore, 


and the Evblute of Curve. 81 


| Therefore, the Celerities, of any two Points, in 4 
Right-line revolving about © Cents Seing as the Dif- 

tances from that Center, it follows that p: z :: OH: 

OR; whence by Diviſion (putting RH=v) we have 


3 — * * 


= 35 (by A 60.) -and, therefore RO; ; 


which, becauſe q - is v (and therefore yy—pp. = 


e _ Vyy F975; „ nia 
ov) will alſo be = == 2. 2255 e 
A 3. 503 Adv Oe: W415 8 141 


} k , 4 ” : . 

ES 12 I S & 4 * 5 * « 
4 ; . ? 2 . "The p ; * * A WP A IP ** 1 
wu, fame atherwife,” 


| Let sR be a Cirele deſeribed about the Point O, 
as 4 Center, and ſuppoſe the Diſtance PR to be variable 


by the Motion + | 
of the Point R E 
along the Aren mw | 
of the Circle 

: 5 of the 

Curve): Then, 
drawing OP,. 
ee Nenn 
as before, wwe * 9 1 op | - — 1 


* 


OR*+PR* — 2OR x RH) = *+y* — 27v; which 
as well as r) being a conſtant Quantity, its Fluxion 
 2yj—2rv muſt be equal to nothing; and therefore r = 
25 the very ſame as above. Nor is it of any Con- 
ſequence whether 5 and © be here looked upon as reſpect- 
ing the Circle, or the Curve; ſince, at R, they muſt be 
the ſame in both Caſes ; otherwiſe the Curvature could | 
not be the ſame . Now from the Value of RO thus . Art. 68. 
found, which (corrected, when neceſſary) will alſo ex- 
preſs the Length of the Arch NO of the Evolute 1, 1 An. 68. 
the Ordinate PO and the 9 OH of the Evolute | 

| 1 . may 
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Of the Radi of Curvature, 
a be caily deduced. Fox OH (RO—RH) = 
—v =, and PO, 4 OF ES 72> 


whence the Nature of the Evoluce is known. af | 


* Xx A M PL E . 


4. Let the given Curve AR be the TOY | 
8 129 whoſe Nature is ſuch, that the e PR 
RPH) which the Ordinate makes with the Curve i is 
every where the ſame. 


hen (denoting the. Sine of that Angle by b, and? 
the + Rudin of the. Tables by. a): mw ee = =P 


and therefore RO ( I) = - = = 4 2, which being 


to PR (y) in 
RH, 8 Tage R 


It Rl. of a _ or of: PR to 
< aſe muſt: therefore be 
POR, which the. Ordinate 


ſimilar * ſo the 

. Jakes with the fol „ being ever where equal 
Q, will likew 5 5 ab] e. hence it ap-" 
hos s that the Evoluge a l atithmnie Spir Spiral 


ilar to the Involut 2 de ight-line drawn 


fi | 
2 the Center, ndicular to the Ordinate, ofcanhy 


logs rithmic nl, will paſs thro? the 28 os Con : 
2 5. Lee the Curye propoſed be th Spiral of luis 6 


by e 
where we have. 7 F ay Ws 


(fe rt. 62.) Therefore a = 20 SE X 


* 1 SAG oats * 
8 FN 


ane 10 gti ue > 7 


yz 
Y+ = ; 77 thy 


2 WS, whence Rah 
$6 . 


Wt 


* Currature 2 2 18 her . which being = 9 4 A, 3. 


0 
e the „ef the Bonet, Steen from tas 


Cite: kg Reue tive; wi Radius of Can 
bebe, (RO) af6 aig will fall on the 
either 85 of 5. The 54 the correſ ponding Point 
of tlie Curve, When G = 6. will be a Point of Cottravy+  - 


Flevire. When it may be obſerved that the Point 
of Infle&idn, iff a"Curve-whoſe Ordinate — 
_ x Center, may be found by akin the Fluxioncof 


Perpendicutar drawrt from the Center to the Fan- 
28 772 to 5 Noting nich Caſt is not raken Notice 
- | Qin. Run . 

1 Ni 2 
1 2 56 D. 4 Fi 
! *. ry n 0 
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84 The. Manner .of finding. FL uEN TS. 


Of the Inverſe Method, or the Manner of de- 
 termining the Fluents given Fluxions. 


** 4 


n 


= 98 — the Inverſe Methed, which teaches the Man- 
I ner of finding the reſpeQive . flowi — — 
ties of given Fluxions, there will be no — culty 
n conceiving the Reaſons, if: what is already delivered 
in Se, 1. on the direct M tbad, has been duly con- 
fidered : Though the Difficulties that occur in this Part, 
upon another Account, are indeed vaſtly ſuperior. . 
It is an eaſy Matter, or not inipoflible at moſt, to 
find the. Fluxion of any: flowing Quantity whatever; 
but in the Iwerſe Jdethod che Caſe is quite different : 
For, as there is no Method for deducing the Fluent 
from the Fluxion @ priori, oy a direct Ipveltigation, ſo 
it is impoſſible to lay down Rules, for any other Forms 
of Fluxions, than thoſe particular ones which we know, 
from the direct Method, belong to ſuch and ſuch kinds of 
flowing Quantities, | Thus, for Example, the Fluent of 2x 
is known to be x7, becauſe it is found in Ari. 6. and 14. 
that 2x is the Fluxion of x* : But the Fluent of ys is 
unknown, ſince no Expreſſion has been diſcovered that 
produces yz for its Fluxion. re Po, 
| 77: Now, as the principal Rule in the direct Method 
is that for the Fluxions of Powers, derived in Art. 8. 
(where it is proved that the Fluxion of & is, univer- 
ſally, expreſſed by ne" 420; ſo the moſt general 
Rule, that can be given in the Inverſe Method, muſt 
de that ariſing from the converſe thereof; which ſows 
Dort to aſſign the Fluent of any Power of a variable © 
Quamtity drawn into the Fluxion of the Root; and which, 
_ expreſſed in Words, will be as follows. 
Divide by the Fluxion of the Root, add Unity to the 
Exponent ef the Power, and divide by the Exponent ſo 
increaſed. . ; 


A 


"as © 


Index n, being a” 4 2 and its Fluxion = mz" 's 
1 Art. 14) we ſhall, by dividing by the tf of theſe. 


* 4 IPs o 
«£ a * 
A + * 
ie" * gs - 
* 
. I po 
- 
e bs : 
- 
bd. 
— 
8 


For, 1 he Flats * W . : 
of the Root x) it becomes * 3 and, adding. 1 to 
the Exponent (n—1) we have ns” 1 | which, divided by 


* gives x", the true Fluere of ns 7s „ by A 8. 7 3 
RE 5 N 


Fluent of 35 4 M l 
9 * 852 5 0 5 N a — | [+ 


That of / 84 = 7 - 855 

2 * ; Wo ” 1 2 * 5 
x, That of 2 e 16 8 
„ be nd S -$- e $7 re «ap, 


. 5 q % * * ” 
4 wah 8 „ vw wy 7 Ez. ” 
* 7 N 8 6 ** 44 * 
L * . 
4 mM. n 
% £ war 2 mn N 10 
Wt; 8 E \ 
5 * p * 


8 * Fl 
* . . _— 
15 


. FR 
- That of = or ar 5 =D —5 8 
5 1— n , — - 


bat nh J rod Be EI 
And that of a" + x nt dt) 12 "ORs 


mXn+1 


+» 


For here. the Root, or the Quantity under; the general 


MF: - 


I FP os | 2 ; 
DAKSS, 1 4 


Sue, bo — \whever, incraing the 


CI $90 


. 


8 


2 Ae — brunn vs. 
Index by Vain. oo aeg by (+ 0 the. bare. 


. 
increaſed, there comes out I; . VER . 


Aﬀeer. the very r Manner the Fluentg of FR 
Expreſſions may be ere hen. the | 
or. Multiplicator, without th e Vinculum is either 
equal, or in a conſtant Nate; to the 9 — of the 
Quantity, under the Vinculum : As in the Expreſſion 


a4 „ ; where the Number of Dimenſions 


of 2. under the Vinculum gn rn Index) being equal 
to thoſe of z without the Vinculum + 1, the Fluent- 


_ therefore be had, as as in Rn . 


and will come ou — An, Co, this (or 
any other Expreſſion derived in like een is the trus 
Fluent will 9 appear, by ſuppoſing x egual to 

a the Quantity under the Vinculum ; for then 
(equal Quantitict having equal Fuxions) .4 will be 


. _ 
e 4, = neu” =; and conſequently 24 * dx 1 
3 
(== «£ ==2, ; whole Fluent i therefor 


yan "xD F225 ar before 1 
N 5 3 8 
| 78. A be Fluonts of m there 


yet taken notice of; that is, whether the flowing 
Quantity, found e common Rule, above deli-' 
vered, does not _ the Addition or Subtraction of | 


We to 7 it engl, 


A - 


- is another Pardeher it ought to be attended to, not 
t 


The of Ms "Wh ; 


indeed can, only, the Nature of F 

inded under Coli ben t that ſuch an 1 1 5 
n bb ae my 3 

ceſſary is evident i from ubſect itſelf k fince a flow- 


tion ot Sil 


ing Aas, HHereaſes; or a cotiſtaht 


R hr has fill che ame Fiukion ; 4 therefote the 
Fluent of that Fluxion is as properly expreſſed by the 


whole totfipotitd Expreffion, ' as by the variable Part of 


ity alone: Thus, for Intance, the Fluent of nx wit # may, 


: be either repreſented by * or by x Ta, een 
| NY Wa 1 5 x u 225 ab of * * 
r is | 


8 Here i it appears ; tat it it is ; the variable Part of . 
2 Fluent 0 ET is a ſſignable b 1058 common Me- 
ha (when ſuch becbmes neceſſary) 

ne 


thod; th 


beihg to bi aſcertained from the particular Nature of 


the Problem. Now to do this, the beſt Way is to- con- 


ſider how much the variable Part of the Fluent, - firft 
found; differs from, the Truth 8 that Fes ede Ges 
nti 


mſtance when the retjuired © A th e 
unt ought to exptels, is LE reboot 7 wh thert 
. fat Differetiee; added fo, or racted — 40% fait 


variable Pafty as 6ceafion requires; will give the Fluent 
truly corfected : For, ſince the Difference of two Quan» 
tities flowing with the fait Celerity (or having equat 
| Fluxions) is either, Nothing at all, or con/tantly the 


the Diffetente in that a will like- 


e 
7 — 


— 


wife be che Difference in all other Circumſtances: And 


therefore being Added to the leſſer Quantity, or ſube 
trated from the greater both become equal. 
80. To render what is above e delivered as familiar as 


may be, 1. Nac put down A few Examples; in which 


the variable antities repreſented by + ant Jy: are ſup- 
ſed to bath their r Exiſtence 28 or to 'be gee: 
f at the Tam Fe 9 


G 4 . Bas Let 


| 
} 
| 


The Manner of finding FLven T8, 


1. Let5 = gin; then the Fluent, found as uſual, 
will be y = = ' where taking » = o, * alſo va · 


niſhes, (becauſe then x=0 by Hypotheſis) : Therefore 


the Fluent requires no Correction 1 in us . 
2. Let5 =#o} * 7751 Here wy firſt have y = = 


WS. 4 but when co, then <2 becomes = - 


| m_ * by Hypotheſis: 1s then = 0 3) Therefore : 


1 a. 1 exceeds 5 by 7 and ſo _ Fluent pros 


perly correted will be x = S282 — —2+ 2 . + a 


** 
1 — 


But 1 very ſame Fluent may be otherwiſs found, x 


without needing any Correction: For the given Equa- 


tion (; = = a+] * 4). by expanding ae], » is tranſ- 


formed to — * + 3a"'sx + 3ax * 3 whence 1 * 


g + — + ar + Fo, the ſame as above. | 


Honee it appears that the Fluent of an Expreſſion, 
found according to one Form, may. require a very 


different Correction from the Fluent of the ſame Tluxion 


found 3 to _ For orm. 


2 = 3 where raking — —= 7 , . 


| #4 0 i 
* : 5 


4 = 


| and ſo "he, © luent eures will be 7 . I 


* * 7 


A ; 
Equation becomes —=—= = 


is too. bite by: 5 3% 


LL EET UF N 
f LE Wl, 


* — 


7 
* 


* 7 4 
SOT CS1561 
1 


4. 3 ** a; Here wet ave = 


Et 


IT 3 and N = o, the Jace Par of th | 


* — ; whence the 
mui Nn T1 


Equation, or Fluent, truly corrected is y = 
1 


. Lally, let j = a + by DIA. I 


MT. "#+ncx © ; then, in the firſt Place, we have JS 


* 


| a+bx” T. ; which correfted, as above, becomes 


PI „ 

TEE; + cx" TAY 
ES n 1 + I 

81. Hithertox and yarebeth ſuppoſed FTE " 


at the fame time; but that will not always be the C 


in the Solution of Problems. Thus, for | Inſtance 
though the Sine and Tangent of an Arch are both equal 


to ng when the Arch itſelf is . to N pne: ot 


| the Serant i is then equal to the Radius : It will be proper 


The Manner mi FLunNTs.. 


therefore to add ah Example or two Wherein the Value 
of y is equal to Nothing, when that of & is equal to any 


given Quantity 2. 


Let, then, the Equation 3 = x*z be firſt propoſe ; 

whereof the Fluent (ficſt taken) is 1 but when | 
8 

J So, chen 5 TP * Hypotheſis z therefore the 


3 
Fluent, corrected, is y = * 3 =, 


Ale 10 the propoſed Equation be F = * 
Ht. | 


then will 7 . ; which corrected. becomes = = 
1 


. „ 
2 —x 
1 ＋1 


n, let 5 = 7 » X; then, 4 72 


* 


* 
LY ; and, when y= 0 and = a, 2 be- 


| =66 © ol 
din = = N therefore che Fluent cortefted is 
"FER E, 


3 


82. All the Examples hitherto even relate to foch | 
Fluxions as involve one variable Quantity only in each 
Term,. whoſe Fluents are aGgnable from the Converſe 
of the ficff General Rule, in Sector I, But, beſides theſe, 
various othter Forms of Furies ey de propoſed, in- 

ends two or more variable Quantwies, whoſe Fluents 

alfs be found by Help of _ exber ting General | 


ales Whine? in th fave 


a 


The _— _ Proenrs: 6 
of 2 _ MO that of en b eres N 


a Art. 19. 


eee np ee | IR apts bf 


1 2 — 


N ; For, dividing fn the luſt Cale) * 
the Fluxion of the Root y as”, which (by Art e 
| 14 and-15) is nay a, ve firlt have 
progres” * * 
= -r ; whence, adding Vnity c e Exponent 
= and dividing by the Exponent ſo increaſed, we get 


rr 3 | a 
= 2 Sg. por dbe true Flu- 
7 Pn F , 
— + 1 | 

| «+ TG Quantity ed. But it laldom bappens 


that theſe Kinds of luxions which involve two dif- 
ferent variable Quantities in one Term, and yet. admit 
of known, or perfect, Fluents, are to be met with in 
Practice: "I ſhall therefore take no further Notice of 
them in this Place (but refer the Reader to the fecond  . 
Part. of the Work) my Deſign here being to inſiſt only 
upon what is moſt general and uſcful in in the Subject; 
which brings me to. further conſider thoſe Forms of 
Fluxions, involving one variable Qu IP 
frequently occur in the Sotutian” of Pr 8, 
Fluents may: (after proper Transformation) be _ 
by the Rule already ! in K. 77. 


83. It 


„ The Manner of finding FLUENTS. 
83. It has been * hinted, that if a Fluxion of 


the Binomial Kind, as 4 T cx * x ds " fins the In- 
dex (n—1) of the variable Quantity + without the 
Vinculum + 1, equal to (a) the nor of the ſame Quan- 
tity under the Vinculum, the Fluent thereof may be then 
truly found by the forementioned Rule. But the ſame 
Obſervation ' may be farther. extended to Caſes 
where the Index without the Vinculum increaſed: Sage 
nn under the Vincul 1 


: ths Expreſſions, @ + Je, ge ©” os 4 1 ( 


2 85 4 as 7 „ 2e Whoſe Flaegt are 
188 etermin | 


1—1 


Put ec =Xz then will = == and x $%$ 


4 Art. 3. . and therefore x E == x = = 
boy 

==, whenee by Subſtitution we © get 2 ＋ a * 

4 ee =4x . 
Whote Fluent (by Art 77. ) is therefore = = 8 * 

| = 1 TY 
323 b x 
— 2 wb ; which, y (ring td Value of ax 
Ebene | an 1 ©— N part | N 
„ ee 
pecomes. 705 mt2 471 — 


dx 


= 


. The Manner of finding Frvuznts. 5 

ines ood n _ 2 is} & . 
Axt 24 „„ ä Fans 
0K, _—_ "ne 


x f - 5 12 £ 
* % * 7 by £2.» . - = * 10 — 2 , g 
7r%Z a a = * 1 x mM. 


. — — —i3N 
m2 . 3 | the tru Fluent of 4 21 
20mm] % N ; 2 . , 25 5 ; _ , ® Ns ye 


as” 


mY 


AGO the Fluent of 3 * E, be⸗ 

2 * =. —» and = * : Se 

3 2 , | > 

g * — 
85 ** 98 wad X pO 75 ”” 

Ly 7 2 = "a 5 we get a+ _—_ 


* — 2a LACK „ 


by 5 & — 24x eng, ELLE + whoſe Fluent = thine 


93 


— — — E ˙ü—ꝛũ— —— 


The Manner of finding FuoenTs. 
Univerſally, let r denote any whole poltive Number 
whatever, and let (he Fluent of 94 r x4 "+ be 


required; then, by putting A =x, and procted- 
1 


ing as above, our e Fluxien 
C274 


ar 
a 3 which, | expanding 7 = 


r 
nc 


un Wa 1 


( by the Binomial Theorem ) b. beromes Sx 


3 n 1. | 
—— — — 8 —_— 


FF IX ax #41 x —Xa Xx Xx 


„ £ a 
4 * % F 


&c. whoſe Fluent is therefore = — 


before the Maltiplicators, the corteſpo r 


| from it. 


He. 
Fi . being a wi a 2 TS _—_ tue Nul- 


— — — — 


tiplicators 1,1 1K TX =, r. 


will therefore become equal to. after the r 


terms; and fo, the Series terminating, the Fluent itſelf 
will be truly” exhibited imthat Number of Terms: Ex- 
cept when r is likewiſe a whole poſittye Number, 
leſs than r; in which Circumſtance the Diviſors mr, 
m+r—1, 47-2, &c. becoming equal to 4 


the Series will be infinite. And in that bot | 
is: faid to fail, ſince Nothing can then be — ined 


84. Be- 


Tho Manner = ending b W | 
34. Beſidey the fo | . 


deriving the Fluant Ke K & in Terme 


ef the original flowing Quantity 2; which * afford a 


95 


'Theg recommadĩous for weder than chat abe 


gixen a | The Method of Inveſtigation i is thus. 8 


r 
| LANAT 
Ec. (where þ, u, A. B, C, &c. denete-unknowts but 


determinate, anti) be aſſumed: for the Fluent 95 


ſought : Then by . Fluxion of the . ſa. 
aimed we ſhall F | 


have 


—_— 


eule us given Fluzions . 5 4 ** e 


the — by as = ** "5, there 


comes. wt 


+a . , — Ge. 


Whepee, by: by collecting the Ca ients af che . 


Powers of s æ, we have 


P = FER 
Tr} eas en Fae + x cx! 2 


«© * 


e vi, | 2p hah Bag, ax aB FE 


| Where, comparing, * and rn, the chert two "greateſt wa 
| | fi 


n Aix A; and by com- 
een aA ee 


+ mm 
Gy * = 7 
* we a — I 7 9 . * 2 7 4 9 
, p . . * * 
28 . 4 


Bc. ED”. 


kewiſe 


pay IO 


96 ' The Manner of fading FL BTG. 


likewiſe get vn; which Values Wen ſl ubſticuted above 
our 8 is reduced to 


m+rxncAz Ti B eee 


— 
U 


5 —2 * — xa? TAB | "Ec. 


Where, putting mF+r=s, and comparing the Coeff- 


5 cients of the homologous Terms s „ we. have A = 
| 5 8 x: ; 2 iA 1 i * eee 
—, B=— = =— Dl —— & '= — 
2. ne . 0 eee a, 
ee e 2 
eee, — —— 39 5 = — A 
—2 xc KiK = X Ac IE 4 


| i 2 7—3 K 
— Ho OO of, "oy 2 
5X $—I X$—=2 x. 3 


| which Values, with thoſe of 5 and , being ſubſtituted 


* 
in tl the aſumed F luent, * becomes = 4 Tex * X 


f * 8 N " 
x —1 . 71 „ 1-2 Xa"Z 3 


— — 


ine M ixn -“ „= 


— „AN i: ke. 2 the true " Dont ; of 1 
iA 85 ef 1 6 125 
N i NF Tan ö 5 3 
woe" 125 r | - which was to be ld: 
Which Fluent therefore, when 7 is a whole poſitive. 
Number, will always terminate in as many Terms as 


are expreſſed by that Number; except in that particular 
Caſe, ſpecified in the laſt Article: "AIG? if 2, ** 


Vid. p. 181« of my Treatiſe alu. 


i 


le Manner of finding FuE. 


_ the given Fluxion be a+" n „ K 3 men, 
(ur) being =m+2, the Fluent itſelf will becom 


— 2 


. dxafes) 


9 4 
4 5 
D 


99 
— 


. | x =o ——— 196354 £551 
nc x m2 1 mTIl xc ; 
„ & FA : G 1 0 

"ys ; 8 


1 : 2 : 
; which 


mai TEM EI 


is = 3: But when r, either denotes a broken, or a 
negative, Number; the Series for the Fluent will then 
run on to Infinity; becauſe no one of the Ions 
1, 2, 3, 4, &c. can in that Caſe be 

equal to Nothing. e eee 


85. The foregoing Fluent, is may be obſerved, was 
found by aſſuming 4xa+cx* xAZ TRE HE 


&c. and comparing the two greateſt Exponents, of 
* 
Ag TBA A an aſcending Series, as Az + 
Bu "+ Cot” &c, (where the Exponents of z con- 
tinually increaſe) be taken, and the two leaſt Indices 
of 2 in the Equation (in like Manner reſulting) be 
compared together, the fame Fluent will be had ac- 
cording to a different Form, which will be of good Uſe 


in many Caſes, when the foregoing fails, or runs out into 


an Infinite Series. 


— 


Thus, if p+v, P- Lau, Ec. be wrote in the Room. 


of p—v, p—2v, Ec. reſpeRively, in the firft Equatioi 


- 


* . 
* 0 * * 
H ; n + 
„ 1 by 
* 4 3 - \ * ; 
4 0 * * 1 * - 
* * * 


b. exaciy the ſawe v 
the firſt of thoſe found in Art. 84: by a different Method. 
The like Agreement will likewiſe be found, when 


reſulting : But if, inftead' of 


gs —— 1 


horxmEnxe® 21 K 1 + Cz 1 13 
T xpAY Adee e. . 

Which Equation 385 ced to 
pa A e "france "Ge. . 
b rtr 1 a © 

:C. 4 x BE c. 

White, 17 chmparing ihe! two leaſt Exponeite, t. 5 
Will de found" , rz & = ===; B= = 
"i 1 899 40 12% ö * 


25 * 


TXr+ r 1 


* AY 4 


l 7 75 e 2 NEB 


"6s ec. Sr. 
rz xn XxTrTIXTTaA& 
Therefore, deal + by (as above) he Fluent of 


e [x eee Wee 25 


NR . i 
810154191 Er ; 7, | 0: i 
> = ol 8 * * * 4 
> Bo ; — 


ON X a + es 5 ; 1 ue fl. 
r e * 
TI RST 2z xc. E — Be. or its r= rl 


| . 1 Xr c 2 of "THe 7 : # | 
ee ne — 6 8 


— Co 
Ts IX Tixf ran 


Which Series will terminate when s (or r+m) is a 
| Whole negative Number; and therefore in all ſuch ge” 


Ti Wahrity"of falling Prog ys: 


mme Fluent is exactly determined ; provided r be not 


>. * 
99 


alſo a negative Integer 1efs* than 2; for in this parti- 


| cular Circumſtance the Fluent fails, the Diviſor firſt be- 
c_— "equal to Nothing. Vid. Art. 83. 


The Uſe ef . the e Wes Hentral-Exprefions, : 


1 


for the Fluent of Ter 2, will appear | 


2 from the OY Exim C7 85 


85 i , M PILE . 


20 „ 1 TY 2 N 11. 


| > ©FA "bes. 


By comparing "the Fluxion bere propoſed with 


a ＋ al xd: , we have a=a, c=1g r, n 1, 
m=—3, d=b, rn—1 (or — 1) =1; whence r=2, 
and s'(r+m) ; whereof the former being a whole 

| poſitive Number, A lectbele V aldesbethereforeſ; ubſtity tedin 


rn—=27 


5 2 tee. * 1— I X.4% 


unc er — True 4 


_Y 


11 x 242 aa 


i e 1X5—2 Xa 
*neral r the Fluent, "arid * it will become 


——.— F Fe 0 a _Exiogel — dne 
Glen ene in dite Caſe. - | 


Hs | E x- 


WS the firſt of the two ge- 


| bes 
Nd to "find" Mohr of pg 


| 
: 
x 
ö 


100 


The Manner of finding FLveNnts. 
1 x A M 5 L E u. 
E Hs the Haris be - or 
La ww E 7 
Sos 1 ; 
Here, by proceeding a8 above, 1 we ods. a=a, c= 2 


x= u =, M= — 7 d=b, . and s (r+m) = 


"#£ — by n theſe ſeveral Values in 


— 


the ſame gener Expreſfion, we get Xa * 


of 


e 


8555 — — 12 


15 EE Ys. 


EXAMPLE IM, || 


. Where the Leoni 2 is 25 or 
5 35. e 


Here we have a= 2, 1 64 - I, 2 =», n=2, m T 
—6+1 


d=1, 11—1 (or 21) — 65 whence 7—— 


— 2. and s „ 2 the lat- 


ter being a whole Negative Number, let the ſeveral 
Values here exhibite be therefore - ſubſtituted in 
| e 


The Manner of file FLvenTs. 


— 8 N f eren 51 
4. : xd" p TE. 


e An A 


.) the laner of the two general Exproſions above 
1 


K 


| derived, vi hens CELLS: * 25 


8 
— D the true Fluent 
To EXAMPLE IV, | 
E 
vn iu, bt the er. Plain bs 6 * 
—2— 
2 2 To 


ind the res in the gener Pass- a + ca = 


ds "£3 we ſhall, b y ſubſtituting in the pes 
| FR 3 s is hers equal to (— 3) a whole ne- 


. P xz — === a 
—. | 


gative Number) N ̃ 1 
r Dj 
| ir — 3 * 15 
Y = + 24 — 
„ 1 Sn 
10g 


Having infifed largely on the Manner of finding 


101 


ſuc hm as can be truly exhibited in Algebraic bo 


Terms; it remains nom y y ſomething . 


Jog. 


e 


| The Maner of. fading. FLUBNT &. | 
to .thaſe. other. Farms. of. | 


involving one va 


2 — — th — 


| — Pars as, 3 to the; r:of- ex oundin 
the Value of any compound OS or 8 ing | 


tity, by _ ol ſuch : a Series. 
R * 1 AMP * * 1 


gr. Ze, 5 the Praftim —= be, In be 1 * 


| converted into. an is e Series. 


Divide che Nupveratot q. by. the. Denaminator ar- x 
as isetaught.in Compound Diviſion of common Algebra ; 


| e ee Wnt 4-4 


5 a. hr TATE 


„ 


Where 


. . Mannen 2, finding n 8 
N Quotient, ee $% = +X + - 4 * 


5. 5+ 5 infinitely continued, is © LY ak 1 7 e 
ug Valus of the propoſed fragen Zu 


2. thou tha Series. thus rin ought to bet 
. Ly ee af Terms, to Dave . 


on ta an 


Value of the Quantity firſt;propoſed; ar, though the 


Quotient, continued to ever (@ great, a Number of 


Terms, will be Hill ſomething defective of, the Truth; 
hy if the Value of the Quantity (Ax in the Nuwerator 


193 


E iſan of the Quantity (2) in the. | 


inator, the Remainder, after à few Terms in 


S wiſh econ exceeding, ſmall, as tobe 


neglected: without, any conſiderable'Error,; and. then 
the Value of the, or of the Quantity firſt pro- 


poſed, will be, very dend, exhibited, by” taking 2 : 


ſmall Number of the leading Terms only. 
us, for. Inſtance, let the Value of 4 be . 


by 0, nd ur of x by Unity den the. Neander 
6G) aixr the tao firſt Toms of ths, Quotient, being, 
= 15 this Value, os; by the. eiren Dau 


(a- == 95 will therefor: give = 0117, 
for the earned -A taking the two firſt Terms : wil 4 
2 rſt Termg he taken, thy Deſet 
Aer leſs 2 erable; e to no more t| 


[a „or o, 0111111, Ec. | 


4 


is _ likewiſe be made to PR ali; any 


Remainder, one Sum 
bes Te en bak i only 


ame +?) „ 7 57 Sum will will be 


— * 
mm_ - 


rc err my 2 


very neatly: Provided, always, that the 


The Manner of finding FrvenTs. 


i which, dedudted from the true Value of the | 


0 -- 


— As 
given Fraction — | =—}) = 11,1 c. the 
given Fraction —— - 151117111 Ce. the 


Difference will come out 0.01111, the very ſame as be- 
ore. . 8 8 
Thus, alſo, by collecting the Sum of the three, four 
and five, &c. firſt Terms of the Series, you will have 


1;113' 1,111; and 1,111 &c. which, being ſuc- 
| ceffively deducted from 1, 111111111 Cc. (as above) 
there will remain e, O01 111 Cc. o, cool ee. 


o, ooo 1111 Cc. for the Errors or Deſects in thoſe 
Caſes reſpectivea x. Hu fx 
93. From what has been ſaid in the preceding Ar- 
ticle it appears, that Infinite Serieſes, in Algebra (ac- 
cording to a common Obſervation) are ſimilar to, or 
correſpond with, Decimal Fractions in common Arith- 
metick : For, as a Decimal Fraction may be carry d on 
to any . propoſed Number of Places, however great, 
and yet never amount to a Quantity, which but a very 
little exceeds the Value of the three or four firſt Places; 
ſo a Series may be infinite with regard to the Number 
of its Terms, and yet a few of the leading N only, 
may be ſufficient to expreſs the Value CE Whole, 
ies has 3 

ſufficient Rate of Convergency, or that its Terms de- 
creaſe in a pretty large Proportion: For, . otherwiſe, 
ever, a great Number of Terms may be uſed to little 


Purpoſe: Thus, in the foregoing Bets, 5 + © 4 
be ſufficient to exhibit the Value of the correſponding 


| Frafion >=, it being infinite in that Circumſtance. | 


94» Having endeavoured to ſhew, that the true Va- 
Ju of an ;nfinite Series may be nearly obtained by ad- 


ding together a few of the firſt Terms on: I fhal 
6 a Foote = to give other Examples of the Man E 


con- 


The Manner'of finding Fiuznts. 
converting fractional, and. ſurd, Quantities into ſuch 


Kinds of Ferieſes, in order to the Approximation of the 
Fluents of Expertions ee by them. Es 


"EXAMPLE A. 


| Lit the Quantity propoſed be the Froftien . 1 


6 2cy ty. 


then, by proceeding as in the firſt Example, you will 


have 
+2 +5 2) NL 3 e. 
5 | 2 „„ 
* 2 
| 111 Gr. 


Where, from a few of the ff Terms of the | 
tient, the Law of Continuation is manifeſt ; the R 
merators being in Arithmetical * ; and the 
| 3 ＋ and * -, alternately, | 


EXAMPLE m, 


142 —2＋ 
| 25 Late eng gen ES 


' Then the Quotient will be Lak ou 3x l gat + 


9 714 c. where the Law of Continuation is ma- | 


: Hifeſt ; being ſuch that the. Coefficient of each ſuc- 


ing Term is equal to the Sum of thoſe of the two 


Ferms immediae — ———— ah 


E X- 


105 


mr. — nds ExuznT g. 


EX AML. E W. 
96. Let the Radical Quantity VT of be propoſed. 


Here, according to the comman: Method of ex- 
tracting the * Root, the . Proceſs wil tans as 


ns 30 
2 \ 2 * | 
aa 2 29 „4 we 22 J 1 
1 
e 
* 
. 4 . 
a+ . x - * 
2 Jad FP" Y E 
50 — \ a $a 7 3 : 
; 2 . & &e, 
97. The Law Con thus ariſin 
from radical Capris is * ily di cee Ba; 


if yon 8 on —— Series to any propoſed Num- 
ber of Terms 1 Of Work wil} be 9 e ſhortned, 
by dividing tt the wang by the Diviſor, when _ 
as, Number, of Terms s fq Tipe ag in, 1 
8075 7 


10h). and o obſe erving to n 
1 fuck 1 hole Aa d exceed, q ed the g or 
Ne greateſt Plus the < Commit "Diference: LY the faid- 
ae according as the whole Num Term | 


- propoſed to be found is odd, br even." fer of 
| us, if 3 wed were propoſed to continue the foregoing 


Series 0 + — _ to 6 Terms, then the Diviſor 
| | (or 


The. Manner an . fading ; Fxuzwrs. 
(or double es 7 rh and the 
Remainder; BY leeren. from the. lafk Ar- 
ticle) the reſt of the Operation will fad thus: i 
ee eee e ET TY 

a* 4 % 22 f 
2 16a 84 : n 


| Which ite Sans: thus found 1 eing aided 0 to thoſe 


found, abovg, we have a + 2. T7222 — 
FE 10 | W 7 105 


. for the 6 ft Terms'of an infinite | 


12847 © 250 
Series * 


is to Ned 2 ries (with upkno 


05 (free ae from 2 g the ho- 
mplagoys Term, the 1. Ui © TED cients, Pons con- 
ſequently the [Res OY etermined z 2 in 


EX. 


Py” 


$i of — = . Ne | 


7 
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| By conſequently 


The Manner of fading Fluzurs. DS. 


EXAMPLE * 


Iker it is propeſed 10 ertrati the. Square Rev f.. 
4 +x"" in an Infinite Gai. 93 


3 
{| 


1 which Dl 4 A B= b 


+ Ex &c. for the required _ and taking I 
Square thereof, we have 8 


A*+2ABs*"+2ACs unbe- 2K. 1 
Th TC T zBD= . 7 + 
\ „ + C's" Sc. 


A? +2ABY cap. + AE. c. 


„ "+ B*x ® +2BCs" n. Hr. 


0 + C*x % * 


Therefore A? —2 So, CE '2AC 4 1 


2AD+2BC=0, 2AE+2BD+C'=o, Ly &c.. From 


which we 7 Ara 3 B = De 


B. oF oy "BC 1 
- = — — - " + D (=: — a) = . E 
29 8. 


A+Bx" 10 4b. Ge. ole 1 e 4* 
vid. p. 181 of my Treatiſe of Algebra. 


| 


= 10 , ABO= "+ '&c, 


c ET ON vkJT2 


The Manner of 728 Frganre. | 
tude dh: 5x. © Which Se- 


82 162 138.7 2 


* 


2 3 Fe. the very” fame with that in the pre- | 
—_ Article found by the common Method. N 


JF "os 


| ASSO EXAMPLE: vr. 


99. Lit it be ried to reſolve a + BY jus 
— — Infinite Series, A i 


13 7 8 
11 1 | 


Here, by mig 2 Be” 0 mere and 


ubing.the fume, Si. we 5 
A+ 3A*Bx" + 1 + ber * PY | 


14! 


nnd B + . 


1 2 1g” > 
Toe A =o SIS 7 © (== 


ABC E) , = 


"il conſequently, « a+ id Sat- 1c + Ve.) 


1 „ Bs. Led + 65 


£4 E — 81⁴ Wt FI 
And, in the ſame 18 may the Root of any 


other Quantity be extracted: But as the celebrated Bi- 
nomial Theorem, diſcovered. by the illuſtrious Sir {ſaac 


Newton, is vaſtly more eaſy and expeditious, in raiſing 


Powers and extfacting Roots than that, or any other, 


ws I ſhall now — . the Uſes thereof; * 


1 if x be. expounded, by ner will become Gig | 


. 11 0 "hs Norner ir i vn urs. | 


5 gelt of un, it may aht be amiſs fo ſhew how the * Theo- 


— itſelf, from the Principles of Fluxions, may be de- 


Let, then, I 4 a Einssilil "Whoſe Fut Trefn is 


- Vow! and; its: ſetond Term any 
and let the uantity to be expa nded or thrown inte a 


Series be 7 F 1457 ; where the mane: vis fappoled to 
_ denote any Number Whatdfer,. — or broken, po- 
ſitive or tive. 


Series m 
Terms all vaniſh ; Eos ET is equal to 


Va). 17, Weteidte, 1 Ka e 4 4 Dy" 


Fc. be aſſumed to expteſs dne tempo 
Series, or, whithriv the fate let 


| Sve gel 47 1 c. where | 


BK D. Sc. My n, P. Qs Ee. denote unknown, but 
ies: 


O iter 
ken, by taking the F luxion of the whole Equation, 
| mic "gy eb 
( ſuppoling 5 wide) be Gall have 25 * J + 1. = 


A *+ #;By C Db Ee. 
a : Wheßce, We the Sides of the'two Equz 


croſs-wiſe, amd dividing 57x N ASIA 


ntity®y 3 z * 


Now if 8 * eln 1 th LED of the reauired | 
Te Uni N 5's 2d, t s other 


our r T D , Oe. 


| =v +vAy "wu Ni petty inen 4 8 Re- 
1 . | A 


bro is e D . 4 
2 ih, WE Wc, =0 


5 Au ö Abe G. 


* 
os t 
p * 6 
ws - 
% - * 
. AE CR wet 4 o - 9 
AA 8 = Ra” 
RT 8 onde. * 
. *. : . 
. 2 
. . 


10 free 1 101. as 
"3% 
Phat we will 


"i 


De 


25 atlon, ur 


fo 45 rn REES 


honfolog ous,” ＋ 2 3 I, 
8 . hene 


&c, Then, f 7. 
e de teeth 8 5 the 


Nee itſelf will 3 
#642656 Fl 4 145 


„ 0 vs e ; 4 0 4 
A8 takin 180 250 0 4—vA=a ace 2 _=_ 


of nan vo ous Terms (and, poke hes. „ the whole 


— — — 


e 
vA — 9 1 2 8 225 
3 1 - 2 8 A = 


| ts f'1:'S& ah 1 „ — ID . 
= =9X. JT 2, Se, 6. coin 


"i by writing theſe Values, wi IT of 7 my "ng 
b, 9, &c. in the Serlesli + Ay" By be C/ &. firſt 
"aMined, we, it kene, N — rH £: 1 


2 . gra 2a a, x 


| in Ion "We. _ ho bel 


3 
From the Series here brought oar, "any „pur 
bot, of any*otlier compound Quantity, whether Bi- 
nomial, Trinomial, &c. is eaſily deduced : For, if p 
be put to repreſent the firſt Term of any ſuch Quan- 
tity, and CT the _ of the reſt of the Terms di- 


: vided 


DK, as, Als, —_ — 


„ 4 — —— 
* i 
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vided by the firſt; then the Quantity itſelf will be ex- 
pteſſed by P+PQor PX1+Q, and the v Power 


b EL +4.” ot 


- thereof by P? x E which therefor is equal.t0 


2 2 
55 1 N xD „E T 1 


3 juſt now amtes 


| Q SPORT CEE es, by what: ad 


3 +... 2 | 
But when v is a Fradtion, ar in the Notatcs of 


Roots, the Theorem here given will be render'd ſome- 
what more commodious' for PraQtice, if; inftead of v, 


5 aFrattion as © be ſubſtitureds. by which mewn 6 it will 


— o — — 3 
23 Q * 5 2n * * 2 * 


the following Examples. Ah 


, : W 3 x 3 5 1 8 7 ROT 1 
become P „110 * SPY XII AT- Xx 
YA 2 bh a * ” a * I COS * N . E 4 <& 


—— Mn M 27 m 


x — Au 
25 2 I ys X 


n—2n * 


In . + &, whoſe Uſe, i in converting 
radical — into Infinite Serieles 1 appear from 


oy * 28 1 . 5 2191 * 


EXAMPLEV 2 es 


00.” M berein ed. FRO 
ne WE £4 4 2 250 | 2885 


Here the Quantity to be expanded being FAS 


; OO Fl — — 


9 
Is 24 


7 * eee ig n=, 


Aa, ” 2 . 

4 ; LIPS Fg 3 

8 Ni ; - 4 $ 14.“ 87 * 2 8 71 
14 7 N Y « 4 
7 4 + x 7 6 474 ALY 7 1 #4 5 4 

$3 & - k 4 & > $ ; $ i 

\ 
I 


and a=2: Whence, by gane tele Values i in the 


lat nt 5 l 
2 A4 — 1 «51S 


2 


=, 


* 


CET 11 15 


. 
25 + 5— Tag; Ge. wie . agrees 


exactly with thoſe found in Art. ad 8. differrar 
Methods, 97 9 * 


7 


er 


* 
Je. g44 
12 * 7 


* 


gow! 


** A* ET 


i 15 2 > Par 


— 
iP" 1 


e EXAMPLE vat. 


102. Le it -be required to 
een fit Be 


, oF 


eu- of 


W 


7 
T 


ER | 
3 8 
Lich Þ” „ IF 7 , it will be Ph, © 2 — 5 
"I az: er N * Subſtitution, ve; oe 


© 
* 
o 


_ Here * n, * 3 


* 


RY 


5 N Sen 


+ 5 


* 


n « * 3 8 

FX er 11 * can + 7 X7F 
Rag ant YOU 
el +: e 


* 


— 4 


EN 
i. ff 


n . 4 , g 
— IT * - 
* x . % 1 e, 
: : * z * . 6 50 a $ — 
- - / "2 e: * 1 * 
8 . 5 . 4 2 ” 4 63 1 3 * 1 22 ; * N 5412 1 
{ 5 9's. 4 
2 Cx 2 22 1 . 3 5 - lo 
EFT 5 4 Wt ba 5h Do £9 A 30) 1523 Fine 8 
5 ; 0 % a 2 * 
4 N « SI 2 % A * 4 
£ An 3 t 1 0 , ; 
* 1 1 4.4} * 7 $ $ 1 
* 4 


FIRE. 


| _ 


1. „ee fin OY | 


1 Ne Þ 5 "y 
e — U Fs — * 8 Foo x oe rg Une 


EXAMPLE . I ra Rial 


| 20% Tot the —— 
| Serier ty — —— 


V — 
Inc chi Cai the given — firſt eue 


wo? X 


* 


n; — 2 ra _ 
wy ER _ Xx 


c. We.) 1+=4x —+ 4 
Sn 4 2 * 


3 825 not be + improper to Stow _ that, 
hd pry affirmative mtv 2 iS 


firmative, and its 
than Unity, the two K Terme of the equal Same 


will be poſitive, and the reſt negative and poſitive, al- 
terngtely; but if only the firſt Term of the Binomial 
irmative, all the Terms of the Series, after the 


firſt, will be 3 Moreover, if * my 


The Mantor eue ac 
de See be negative; and both the Terme 
affirmative, the — A pres change alternately; but ff 
only the firſt be affirmative, all the Terms of the equal 
Series will be poſyive., 1 113 N. 3, - : 


REAMPLE K*. 


. Let tue Buantity propoſed be the — 1 
5 5 Se. F 
* by dividing the reft of the Terms -e 
E our © given "Quantity is reduced to vi K 


mr. the in tis ee Q = 
2 T2 m=1, ad i . _Whence (by 8 


tion) — E 4 * — +3 * 

* — 2 24 2 I 1 
e 

x1 + E 2 e 


Which, — to . Tami, b 5 2 _ * | 
= . 3 BAER 5k 3 | 
eg apron cools os 1 
Keen . r. 
anſwering to — one muſt found, an 
afterwards multiply d by the . : But, if 
two, or more, we a be 


drawn into each other, then take the — anſwering 
do each Quantity, ſeparately, and multiply them toge- 
ther; obſerving, always, to neglect all ſuch Terms 

hole * * He 


* 
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Tem which th Se Series = fought is ee 6” 


EXAMPLE bY « 
as Let the Quantity propoſed be ĩ ci 1+XX I 


Firſt we have DD = = = 2 
9x 1947 — N 10 * a9. e Which, aal 


10% % 9 ‚ο 

tiply d by e Wk." 1+0X ==. = I. POOR 

> MT 081688127888 6. 5 14 | 

10 10.20 10. a0. 30 10.20.30 / n 
EE 58 PEO Bs 

10 200 * : nn e Hcl REM 


2 ts 3 w b 3062” 5 


4 x 


4 


"+ + S103 —— N 


1 EXAMPLE XII. 6 
105. Where the . Duantiy 1 & expreſſed in TT fot 


Series is = or a qt * Fi wk RY 
| = aj Iu 77 


E 5 
1 7 e & ==. *. 


I * * = 4 —1 eee 


inn $ s 2 22 wa 1 1 7 - * TT RAR? OY 

2 — \ * A $4 * * 3 

+ Oe. eee O 838 
, F . 4 14 CNN 
— 47 * 18 * 4225 125 

#6 ? 8 
1 * 1 2997 8 $ Tor; 3 f 
e e MR 
. 1 ww = , 
1 * . « 


* 


' ; e a » — 
The Manner of finding Froents. - 
- * k 


hen A Bb my 5 ; # OR by 7 5 1710 18. \ 
—— — PS Fe. Gs  wT. _ 5 —_— — 
I FE TS 4x2 EE Tt 
2 PE RT ns main e 
mT * 
two Values, one by the . we get 8 * 
a a 1 f 22 RIFT 1 | 
— — — — 2 — — — 
c 2. 2 1 85 | E nf " Bate xe 
CURE EET: ©. 0 6 OD 5 


7677 — Teen 18 — 67: # + e. for 
on four bw Term of the Series Ps. . 


og 


EXAMPLE XI. 


_ Live 45 u to Fe expanded 3 the Mubtinomial, 


- or infinite Series, * + af * ” + by Sap LOI. ee], 


whoſe Exponent v denotes any Number whaterers mn: 
or broken, poſitive or negative. 


= 


Here, dividing by the firſt Jew: the given Quantity is. | 
transformed Ta 27 5 r Ter "+dv ee 
which, if ax” + by* 4x? " &c. be put . will became. 


of" x EZ ; which be, a Ege: (by Art. 99.) is = 


pv 1 tes... 
* * 149 1 1 r 
Ny Ce. Whence Fo Brevity ſake) putting A=v, 
ES Ex) not 
Fr r 
13 —1 
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comes out of rot ni Gal S. 
+ Aa + IEF BP xt + "6 : . 
5 + X77 Bebe 3CaTID# 
xe TL n F 


* * C op 


EXAMPLE: XIV. 


109. 75 extra the Square Root s N — from 
thence to determine the Fluent hg — *, in an 
Infinite Series. | , 


By proceeding as as in the e a: the Value 
of V — Infinite _ will be found to.bt a—— 


—— r 6. Which muldi- 
* a 


1 by x gives” * ve FIG = ah = — 3 © — 


„ | 
_ w_ Ve Whoſe Fluent therefore (by Art, 
| . * 1 
ba — .1 1128 py 82 e. 


; Which was to o be e 


k X- 


: The 10 ue Pere 


c EXAMPLE XV. : 
| 110. Let it be rid ame. the Plunt of 


— a 


N. 
. by an Big Brie. 


It appears, from Example 12, 4a 4 value of 


— 
| 2c 


—_ Lin Li ut5 . + 


| — 7 ws 
16 A ee *. 


— 
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EXAMPLE vr. 


% + 


111. Wherein ie 1s 3 to appr — the Flr of 
Xx „ + WHT * + oe! 2 
| 1 


Here if A be put = 6, B Nr x= 


=, D=ox*= D x * — 


Fre . will 
be= of” HAST + n +; 
Ac T= + TP KN 3 C 


7 x * * + +: weren from rt. 3 — There- 


Fore this Expreſon being multiplied by = +, and the 
Fluent taken' (ﬆ uſual) we thall have E. + ” 
Fs ns rr I 


w+mFn N I EY 


po +m + 3n 


yu 


the Quantity propoſed to he found. 


44 


4 
* 
+ > 3 ; N a | 
/ 
Ly 


» 
. 


So sECTION vn. | 
c of eg in finding the . 


: SEE. 56 
u. -E'TARC be @ Curve of any Kind whoſe Or- 
| ' dinates are perpendicular to an Axis AB. 


| 1 t-line Ry (perpendicular to AB) to 
move 2 Fam 1 towards B; and he 
Celerity thereof, or the Fluxion of the Abſxiſſa Ab, in 

up Progr” Poſition of that Line, be denoted 4 


ap- 
GC pear, from Art. 4. 


4 (#n) under bd and 
1 the Ordinate bR, 

g will expreſs the 

4 3 
ion of the gene- 
e e 

| A” "+ . by care for "therefore A 
3 K rom whence, u or & (ac- 
carding to the Equatian of the C — 2 OY "the 
A Rs 


CASE I 


£13. Let ARM be any ce. whoſe Ordinates Cl CR 
f 2 „ | 


Conceive a Right-line CRH. to revolve about the 


EEE 
F al ” 


122 N Froxions 


ſaid Line, ſo as to trace out, o deſcribe th 
Curve Line ARM. - 3 ee 
| Now it is evident, that, if the Point R was to move 


from Any tO . without * its Direction an 


elocity, it wo 
roceed along the 
angent QS (in- 
| Read o of the Curve) 
and deſcribe Areas 
© Gn TE . — 


v Ns 
Es of their ye 


tle re 


are as Ba es Q 
and _ _ yy 
are as the Times, 
becauſe | the Mo- 


5 ion ha the Tangent | 


{upon char'$ tion) would be 
Hence 2 5. taken to —— the Value of, () 
the Nurion of the Curve Line AR, the cotreſpanding 
Fluxion of the Area ARC, will be truly — by 
* Art, 2 the, uniformly generate, Tx CS *:: Which, 
and 5, putting the Perpendic (C ) drawa from the Cen 


oy pg Tangent, 2 Nr N — 


1 From whence the Area itſelf may be deterthined, | 


"Wi fince in m e bee. the Value of s cannot be 
computed (from the of the Curve) without ſome 


Trouble, the two following Expreſſions, for the Huxion 
of the Ares, will commonly ras mare — 


dious, viz, 7 2 and = here # M and x = the 


Arch BN c.. ca cee about che Comer C, 4 
Te any . 


in fading A. 


any: Ditaoce (== CB). Tes — ace He- 
rived from that above, in tt the following Manner z Viz, 


of Zh 5% 2 (RP); | therefore z = © ; and 9Arc 35. 


conſequently * 2 == 2 which is the firft Expreſſion. 


| Again, A a Fe Celerity of R in the Direſtion of 
the Tangent i is denoted by z, that in a Direction per- 
pendicular to C (whereby the Point R revolves about 
P 
the Center C) will therefore be (= == X 8). ®. = #Art.35, 


| 25 which being to (a) the Celerity of the Point N 


(about the ſame Center] as the Diſtance {or Radius) 
CR (5) te the Radius ( (a) we ſhall, by multiplying 


Extremes and Meant, have = S and canſe 
5 275 which awoke Raves 


2 

The e Method of applying this, t with the * 
| ceding Forms, will 2 m the wen 
Examples: Wherein x, y, æ, and & are all along put to 
denote the Abſciſſa, Orte, Cu Curyr- Ine, and the Area 
e unlef , mbero. the. 9 is ech 


f < . 
* on % \ | 5 . A 
K 6 . > * ; - 


EXAMPLE ta 
11% Lu it be propeſed ts dhtermine the row of 4 right- 
+ ee a. of « vight- 


Pur the Baſe AH cular RM=4 TY 
let AB (x) be any | Rang of the Baſe, conſidered as a 

flbwing Quantity, and lat BR Ci be me W or 
Perpendicular sorreſpprding : LE 5 
Then, 


124 The Uſe ff Fruxfoxs 
© Then, becauſe of the fimilar' Triangles AHM and 


ABR, 6 it will be, a; b; 1 7 = : When, 1 


* * 


4 * 


K T1009  ROEOE bs 
n (ihe Fluxion of the Area ABR*) i is, in this? "Cate: = 
| =; —— yea Ges 


a itſelf = 2 2 t. Which therefore, * e and; BR, | 


7 
+ £ oy * 


| coincides with HM, will a 7 7 


the Area of ih whole Triangle AHM; which we alfa. 
know from other Principles. E 


E XA M PLE II. 
1199 Lt the d, ARMH, Ee 


the common Par 


In which Caſe the Relation of AB (x) and BR () 
being expreſſed by N= ax (where ais the Parameter) | 


8 Se; ; and therefore W (= 552): 


= A Whence 2 = 3x rl . 


** & | | (becauſe 


zn finding Areas; ". —_ 


.- (becauſe 4 * 74 x AB N BR: Hence a rere 
re ken Bond . 


"The A is hers found in 7 X's x; TEN it vil, 


many times, be more eaſily brought out in Terms Fe 
(vi out radical Quant ) as in the very Caſe | 


1 Where x being = 2, we therefore have #= 1 


—— — — —— — 


- 2, and conſequently i (38) = 2. Whence 5 8 | 


2 2 „ R; i 
3 3 „Feinden the fa 
as before. © | er be HAA 
er EXAMPLE m. 24274 


" bob ARM 72 * ric ag Ee, -be a Nr 
 bola of any Kind; ihe genre Equation is 
* N 
Therefore, by een the — or dividing each 


Exponent by m+ z, we 3 = * whence 


126 = ion 


a (1) ma” SES: ar < MM — : 
| : « 
Fluent, © or * 2 7 " X — = 
ax SF exmTn _ m+n 5 — MY -S: 
| m ＋ 23 BY mtan F< e 
AB x BR. | | 


No Notice has been yet taken of any conſtant Quan- 

tity to be added to, or ſubtracted from, the variable 

One, firſt found, in order to render it complete, agree- 
able to the Obſervation in Apt. 78. 

But that no ſuch Correction is required in any of the 
ing Examples, is evident from the Nature af the 
ure 4 5585 wn * and Bar. We Ares 
| L.] ought alſo to be no 1 5 of 
| h | 2 — Equations abore exhibited, | 
=_ found in the ſuccceding 1 
bowever, * . 


i, 


e 


| WE "EXAMPLE IV. ns N 


117. Who it-is propoſe to find th Aran ace 5 
ARH, whoſe Equation is . , =@,, _ 


1 Here, the given | Equation is reduced to = 
=, 2. =. 
e. Whereof the Fluent (by the common Ryle *) is 7 


* 


<=: Which, when #=0 and dae eee, . 


3 : 
72 chis wache fend... . . _ 
T- * 

7 —— = the Fluent ede or | the 4 * 
Value of the Area ABR ®. | 


Wen de Ordinate BR 6 becomes 


1 do and B coincides with then will 
— =a=AH ; and therefore the . 8 


o eil be bandy = n. | 


EXAMPLE v. 
110, . u br nes ts ge u. tran of the 
Na Curve 9 1 is * 1 = 


# 


* 


15 12 Tk b Ef : 5 3 WT, 22 
10 Gate we hare 5 = E 
21 hp 

* a N 


* 


ad he Us. * Froxions 


* — : 53 
and therefore « (276) 2a x +: WholeFluent 
TH... 8 85 . 
ER «2X x | | : 
bp EE = EET, which when # i 


=0, will al allo be SO. if n 8 ter than i m: There: 
fore, the Fluent requires no ion in this Caſe ; 
the Area AM RB, included between the Aſym mptote 
AM and che Ordinate , being eruly defined by 
| (=) the Quantity above detetmined. 
2 | 


But, if u be leſs chan an; then: the Fluent, when x=0, 
- will be infinite (becauſe gran: being nega- 


tive, 0 She a Diviſor 0 way * Whence de Ares 
AMRB will alſo be infinite. 

But, here, the Area BRH comprehended n the 

N . the Part BHof the 2 5 1 

iy T 4% 98 Soo 


8 n * 
tote, is finite, and will bwindyaipoandel by — 


the ſame Quantity with its Signs changed. For the 
8 Fluxion 


© 


| . of the Part: ARB den * & that 
cr ene "rotiſequartdy-5bb 4 
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134. hs the Beginning of this, and iy the gi 


Sections, we have ſeen how the E. luxions of Quantities ars 


determined, by  concerving the generating Motion 2 62 
come uniform at the 9138 Paſttion 3 according 

$ * 2. true Definition of uxion : But 8 part 
cular Notice has been taken of the Mahed of Incre- 
| ments, or indefinittly "little Parts, uſed (and miſtaken) 
up many for that of Fluxions: In which the Operations 
are, for the general Part, exactly the ſame ; and which 

— tchoꝰ leſs accurate) may be applied to good Purpoſe in 
ding the Fluxions themſelves, in many Caſes. For 
S which * * * ee to add 5 
5 9 ew 


Fl 
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n finding Arta. 


the two Methods differ from each other; 
we ſhall be enabled, from thence, to draw out 


Concluſions that will wee Uſe iniche'Gifging; Pure of | 


the Work 


| + few Lines on that Head, to ſhow the Beginner how * 


It hath been frequently a in-the — 


: Pages, that the. Fluxions of Quantities ars -akvays mea= 


| farid by how much. the Quantities themſelves would be 
Rr 8 25 fore, if two 
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and D, it follows, that any two Spaces Bb. and D“ 


aftually gone over (whereb AB and CD are aug- 
mented) in the ons er ſs the Fluxions 


of the generated Lines AB and CD hence it 22. : 


that. the Increments (or Spaces actually gone over 
the Fluxions are the ſame in this Caſe, where the ow 


rating Velocities are equable. 
But if, on the contrary, the Velocities of the two 


Points, in generating the Increments Mb and Nad, be 


ſuppoſed either to increnſe, or to deereaſe, the Lines or 
Inerements ſo generated will, it is plain, no longer en- 


2 the Fluxions of AB and CD; being 1 or 
ibed, in 


ſs than the Spaces that might be uniformly d 
the ſame Time, with the Velocities at M and N. 
If, indeed, · thoſe Increments, and the Time of their 


| Deſcription, be taken fo exceeding ſmall that the Mo- 


tion of the Points during that Time may be conſidered 
as equable, the Ratia of the ſaid Increments, will then 


expreſs that of the Fluxions, or be as the Velocity at 
M to that at N, indefinitely near; but cannot he con 
L 4 | ceived 


derſtood by the Notation and firſt Definition (of this 
Method) yet in the Solution of Problems the exact 
Meafure thereof is not taken, but only that Part of it 
which would ariſe from an uniform Increaſe, agreeable 
to the Notion of a Fluxion ; which admits of a ftrit 
Demonſtratiun: But, after all; the Differential Adethod 
Bas one Advantage above that af Fluxions, which is, 
ws are not there obliged to introduce the Properties of 
Motion. Since we reafon upon the Increments them- 

felves,” and not upon the Manner in which they may be 


r nn e 
| It has been hinted above, that, though the Increments 
of Quantities: are not, ffriaiy, as the - Fluxions, yet 
from them the Ratio of the Fluxjons may be deduced; 
and it — that the ſmaller thoſe Increments are 
taken, the nearer their Ratio will approach to that of 
the Fluxions. - 'Fherefore, if we can, by any Means, 
find the Ratio: to which the ſaid Increments, by con- 
ceiving them leſs and leſs, do perpetually converge; and 
which they may approach, before they vaniſh, nearer 
than any aſſignable Difference, that Ratio (called here- 
after, for Diſtinction Sake, the Namo limiting that f 
the Increments) will be, /iri&ly, that of the Flukions. 
This will more particularly appear from the follow- 
ing Inſtaners; wherein the Manner of deriving the 
Ratio of the Fluxions, from that of the Increments,' 
Sos 12. 
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(ﬆ) will be augnented to T 2 * + axe + my 
whence the Increment of . will be ar A #3 which 


| therefore i is to (#) the N of *, as 2524 to 1. 


Hence, becauſe the leſſer + is taken, the nearer this 
Ratio app to that of .2x to 1, which is its 2 
the Ratio of the Fluxions will therefore be expreſſed by 
that of 2» to 1, or, which is the ſame, * * 2 
to & (as in Art. 6) | 
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3: Let it be propoſed to determine the Proportion of the 
| Plane Triangle ABE'; ſuppofong the B 


The Uſe of FLuxtons 
of 1 tour”; ; which appears to be its Limit: There- 


fore this laſtRatio, or that of 4 to nx , is the Ratio 
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Fluxions of the Sides AC and BC, & a ri hi-angled, 


. fo remain invariable,  _. 


— 


It Ca be aſſumed to repreſent any Inerement of BC 


and Da, the correſponding Increment of AC (AD) 


the Ratin of thoſe Increments will. be, univerſally, exe 
preſſed by that of the Sine of the Angle CDd to the 
ine of the Angle DCd (by plane Triganometry) and th 


| Teſs the Increments are ſuppoſed to be, the nearer will 


quired Fluxions. (Vid. Art. 35.) 
other Kinds o algebraical and geometrical Quantities 


the Angle CDA approach to a right one, or to an Equa- 
RO un B whih bf cht one, or to an Eq 
DC4 approach, at the ſame time, to an Equality with 


BAC. Therefore the Ratio here limiting that of . 


| Tncrements is that of the Sine of B (or Radius) to the 


Sine of BAC: Which alſo expreſſts that of the re. 
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In the ſame yay. the Propattion of the Fluxions of 


may 


its Limit: And the nearer will 
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may be ine but it will be "CP to dwell 
longer upon this Head; I (hall therefore omy add one 
other Obſervation from hence (which will be of uſe 
hereafter) relating to the Value of an algebraic Fraction. 
in that particular ircutnſtance when both its Nu 
and Denominator' become equal to Nothing, 'or.yaniſh, 
at the ſame time. Which Value (it follows from above) 
will Al. Be by. dividing tþe Flyxion of the Numerator by 
that o Denominator. 
Fo, ſince the > Val ue of any FraRtion, -in- chat Cir- 
cumſtance, is to be looked on as the limiting Ratio to- 
wards which its two Terms converge, before va- 
niſh, and ſeeing the Fluxions _ ways, expreſl 
that "Ratio, the Truth .of the Rule, or ee | 

ni 15 

* Example, howindy my not be improper : 


Let therefore the Fraftion © be propounded, tq 


find the Value thereof Ss; * a. In which 
the true Value ſought, or the Fluxiqn of the Nume- N 


rator divided by that of the Denominator, is is. = = 
| =2x=24. And that this is the true Value, may be 
confirmed by common Diviſion, whereby the Fraction 
| 1 is reduced to x+az whoſe Value when 3 


is thereſpre =24, the " as 2 1 . 
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equal and 3 to Cr, be idea to repreſent the cor-· 
reſponding Fluxion of the Ordinate MC; then will the . 
1 Art.4® Diagonal CS (touching the Curve in C .) be the Line . 
19. which the generating point () would deſcribe, was its 
Motion to e uniform at C (Vid. Art. 48 and 49.) 
which Line, therefore, truly expreſſes the Fluxion of 
FArt. 2. the e AC gone over, according to the Definition . 


Hence, putting AM=x, CM=y, and AC=z, we 


have 2 (Sa CSN) = V=x*+j* 3 from 
| 'which, and the Equation of the Curve, the Value of z 
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ſcribed about the Center C=x; the Radius CN (or 
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2 Y br.) and PFGE” 5 1 2. From 2 

: the Value of z will be found, if the Relation of 7 and 
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"209 in other Caſes it will be better to work Ni the 


following. Eqnation, uz. 4 * + i, "Which 
is thus derived. 
Let the Right Line, CR, 8 esse to T 
about the Center C; then ſincs the Celerity of the ge- 
nerating 


7. 


| nerating Point R in a DireQion perpendicular to CR is 
to (x) the Celerity of the Point. N, as CR (y) to CN 
(0) it will therefore be truly repreſented by = 25: Which 


al to 02 the 1 in the DireQtion of toms = 


© 2 


5 Mw A "> WE as was to 


be ſhewn. 

But the ſame Concluſion may be more eitity a 
from the Increments of the flowing . ONE! | 
ing to the preceding Seholium. 
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* (the Arch Ne): the dane Arch Rr = x And, 
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137+ Let the Curve ARM. e arg 1 ſngty be th 
cubical Farabola. 
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38. Lit the Curve fred be a Parabel of ay 
* ace. " 


Then * — 3 JEN 64 2 genera Equation to all 
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| Kinds of Parabolas we bee have + * . — and 
a 
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8 — 22 wy 2 * IJ 3 
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But, when 21 — 2, the Index of 3, in the given 
Fluxion, is either equal to Unity, or to any py. 


of it, the Fluent may be accurately had in Terms, 

ee, 
For, by ating ee ="; out 
a - 


na (4+ oer 


reduced ' wa 1 RK. Which IR compare 
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with a + "x _ ” the — Fxpeeion in 
the foreſaid rich, we have 32 1, z A. "= +. 50g 


| 3 = (r+m)=0v+5; and conſequentl7 
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If == (derived 3 == * be fab 


tuted for its $ Equal u, the Equation 0950 the Curve, will : 
be changed to ax = 7 * ; which, if v be expounded 


| which Caſes the Length of the Curve may therefore be 
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which will (it is plain) 2 8 terminate in U Terms, 
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neral Equation, * = = = 2, 1 will then become P I. 
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= „ x byp. Log, —.—— y 


— 0 it follows 


that the Length of the Curve vill in this Caſe, be = 
3 + $6x byp. Log * + * 
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139. Let the Curve propoſed be the Involate of a Cirdes | 
whoſe Nature is ſuch, that the Part PR of the Tangent 

intercepted by the. Point of Contact and the Perpendicular 

Lol is > 2 * to rs Radius 8 of ths Ld 
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herating Circle : There Z (=? Ho ) being here * Art.1 * 
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cauſe, by the Property of the Cid V 2a N y.) 


| Tie Uſe of Fruxlons ; 
are therefore equi-angular ; ed it will be, Rb (y) : OR 
(a) :: Rn (4) : Rr (4) = © = === (be- 


— ... 
Zax — xx 


Alfo, Ob (V af — Y) : OR (a) :: nr (5) Rr (4 = 
a= Theſe two Values exhibit the Fluxion of | 
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| the Ach in Terms of the Verſed-ſine and Right- 


ſine reſpectively: But, to get the ſame, in Terms of 
the Tangent and Brgy we have ( by fim. Triangles) 


OT (=: = VIP): OA (0) :: OR (a): Ob = 


VEE | 


CET | TL ee 


whoſe F lurion i is An = 247. 2 7 -: Whence 
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here found, the Value of the Arch itſelf (by taking the 
Fluent, in an Infinite Series) wil Jikewile become 


| known. 
But the third Form, expreſſed in ms "of the 8 


Tangent, bein intirely free from radical Quantities, 
will be the moſt ready in Practice, eſpecially where the 
required Arch is. but ſmall ; though the Series Tram: 


| from the rſt F ny always, e the faſteſt. 
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foite Serie, ws Gall have & = 1 -te 


— 9 


ho ſuppoſed an Arch of 30 Degrees, 2 AO (to * 


der the Operation more eaſy) be = Unity, we 
ſhall have «= V 5773502 ecu OF Py q 
R (1) :: OA (1): AT W= = 7 * ; 


 Whence 5 * | 
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$ DD = FEE = «5225987 : Which ad. 
tiplied by 6 ives 308 592 + for the Len th of the 
Semi-peri het of the Circle whoſe Radius is Unity. 
At irs 26. certain Forms of Fluxions were pointed 


| out, whoſe Fluents are explicable by-means of hyper- 


bolical Spacts, er u Table of Leeb: Which Forms, 


It is rp er = in every thing, but the Signs (an 


conſtatit ities) with thoſe exhibited above, for the 
Arch of a Cirdce, And theſe laſt, like them, may 
ſerve as ſo many (other) Theorems for finding Fluents 
by means of a Table of Sines, Tangents and Secants. 
But, as ſuch a Table is uſually calculated to a Radius 
of 1,000000 Cc. (or Unity) the following Equations, 
derived from thoſe above, being adapted to that Radius, TS 


will be rather more commodious. 
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The way of deducing theſe EN from the 
ones, is extremely eaſy: For, if A be put to 


fore 0 5 YL 7 ; be | 
_ denote. the Arch whoſe Radius is Unity, and whoſe 
Verſed-ſine, Right-line, Tangent, or Secanc is lac 
cording to the different Caſes here tpecified). Then, 


becauſe ſimilar Arcs, of unequal Circles, are as their 
; | | | Radii, 
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Radii, it will be 1: 4:: 4: (a4) the Length of the 
OR. AR (fee the Figure) the de Fivens of 


7 re. r 


= 44 (AR), that of —— mt nebeſſully be 


2 4. And in the very ſame Manner the other Formy 
| are made out, — 


8 EXAMPLE vn. 
143. Let the propoſed Curve be the common Cycloid. 


Then, if the Radius AO of the generating Semi- Semi- circles an ne 
be denoted by a, we ſhall have BR = V-; and. 


Ax — xx 


the. F luxion theteof = = — : Which being 
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* (anti the Fluxion of AR or its 


| Equal | RS ( given by the preceding 4 Artide). we 
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| 14 —— it is reguired to determine the Length 70 the 


Arch of the common Hyper bola. | 
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we have the RE a * extract; In order thereto 
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Then, by ſquaring, and et 2 id. Ari. 955 5 
there ariſes 


14 2 +2By* + 2Cy* +2Dy* He. 


TRE TREE Racy &e. 


| N re 
3E it 32 
Hence 4 2 2 3 B = 8 ö LAS = = 
))CCCCCͥͥͤ ²ĩð d ĩ or wn Woot, Iv 
= Cn e een tang 
7 858 


þ* 


ee - Baba x 


a — the Lengths of Curves, 1 
+ 25 + 7 5 x 5 oc. And conky 


: quently x = OF 27 2 8 


The rr | 


alſo let the Area af | - 
of the Plane inter- | | | 


cepted by, or con- 50 3”, | FN 


Then it follows, = 
from Art. 2 and 5. * 


B the've fame way. of . 45 er * 
. may be — the art, of the two 


1 B n in 1 wk their 81 


* w— 


5 CTION . 


2 of FLozrons 6 in e 
# the Contents of Solids, © 


=. 1s: LE. ABC roprpſont any Sold; conceived to | 


be generated (or deſcribed) by a Plane PQ 
paſſing over it, Sith a parallel Motion: Let Hh (per- 
eodteular to PQ) be taken to expreſs the Fluxion of of 
AH ( *) or the Velocity with n the n | 


Plane is carry'd ; 


the Part, Enn, 


bed! in, the Solid 0 
be denoted by #: 5 2 


the Fluxion of 


de Solid AEF, wil 9 N c | bs 


be expreſſed by K. 8 
From whence, 5 | 
ding A in Terms of x, — to the Nature 


expaun 
# the * and then taking the Fluent, 8 


172 | ps De Wh of DLvxions - L 


of the Selig (which. we ſhall, always, | hereafter repreſent. 
bby g) will be given. 
But, when the propoſed Solid 4 is that acifng from the 
Revolution of apy given Curys AEB abaut _ 58 
an Axis, the Fluxion (5 5) of the Solidity may be ex- 
hibited in a Manner more gapvenient for Practice: For, 
, Art, 224. putting the Area (3,141 592 Ce. of the Circle, whoſe 
Radius is Unity, , and the Ordinate KH. 2 it 
will be 151% f: : the Area of the Cirele Em Fu, 
which 3 wrote above jnſtead of 4, we have? 
mn# he Uſe of which will be latte, ſbe wn : 
in the Roving N | 


EXAMPLE I 


k 146. Ln br 4 ts the cm 
| 4 it 2 0. fa 


put the given 8 te (Ap) of the Cone = @, 2 8 
the Semi-diameter (B Baſe = b: Then, the 

- Diftance (AF) of = Cie 'EG from the Vertex A, 
being denoted by ay Ee, we have, y figdilar Trjangles, 


28.4 * 2 Ef 00 = . e 


( 9) = wry, and 
„ 

conſequently \ 5 E 3 
2 when r (SAD) 
| gives =(=px BY x 5 AD) 


the "Con of the whole 
G ABC. Which appears, 


from ee he ju 5 — a gr meh og" _ * 
and Altitude. 


i E X. 


dee the Conente re. 


8 EXAMPLE I. 


un. Phe it | the Solid. propoſed be @ . Convids 


22 che olutim * any Kind of 
Fu 
e * e e 


m—i 2. 


periting Curve, NN 3 's and (e 


2m=—2s ; 


= b Kar” 3 and therefore s = fa =" x 
—. ö 2 5 15 {EM 5 —— 


2 = the Content of the Solid; | 


2 1 = pf = 


which therefvre is to (Y) the Content of the circum- 


ſcribing Cylinder, as m to 48 Whence the Solid 
generated by the conical Farabola (here m=2, and 
Ide appears to be Juſt 2 r of its circumſcribing Cy- 

„ 

7 75 E X AMP L E III. 

148 be propefad. Solid AFBH 4 4 Spheroid, : 


In which Caſe, putting the Axis AB, about which 
the Solid is generated, Sa, and che other Axis FH, 


of the generating Ellipſis = 5, it follows, from the the 


Property of che Eltiphis, that @* : Bux N 2 — 


b? 
(ADxBB): (DE)* = = X ir; | Whenee | 
We have 11 9 4%) =: * ere td undo an, 


15 1 the Segment AIE. Which, 
8 8 


145˙ 


- ＋ 
— — 
ů( TD i 4 3- IRK> 2 By totaly <a ESO APO GOLD AE A he y 
_ — - - « — 


The os of Frox1ons 
7 when AD () = = AB (a), | 
3 9 becomes E e 


Where, if (FH) be taken 
2 (AB) we ſhall. alſo 
get z pa? for the true Con- 

tent of the Sphere whoſe 
Diameter is 3. Hence a 
| _ or a Spheroid, is E 
of its circumſcribing Cy- 
linder; for the Area of the 
Circle FH being cxpcelfed 


by f 5 i the Content of the Cylinder whoſe Diameter 


aa] and Altitude AB, will therefore be &, 
of which 4 pa, is, evidently, two third Parts. _ A 
EXAMPLE IV. 

I * wheſe Content pos would fad, b th 
18  byperbolical Conil. : 
Then, from 9 e = 8 KF, __— 
þ* 
the generating Hyperbola, we bore ; (975) = == 
"a 


| X r *, and conſequently 5 = pry ; E: ax 7 4 * 


=. the Content of the Conoid; which therefore is to 
& * xx) that of a. Cylinder of the ſame 


Baſe and Altitude, as £4 + 4 x toa+x. This Ratio, * 

if x be extremely ſmall, will become as 1 to 2 very 

nearly: : Whence it may be inferr'd, that the dn. 
0 


in finding the Contents of Solids. = 175 
of vary ſmall Part of any Solid, generated by a Curve, | 


whoſe Ray of Curvature at the Vertex is a finite Quan- 
tity, is half that of a Cylinder of the ſame: Baſe and Al 
titude, very nearly: Becauſe any ſuch Curve, for a ſmall 
Diſtance, will differ inſenſibly from an Hyperbola, whoſe 
Radius of Curvature, at the Vertex, is the ſame. | 
This might have been inferred, either, from the 
common parabolic Conoid, or the Spheroid, in the pre- 
ceding Examples; but other Obſervations would not 
allow Room for it there. | | 
„„ RNA MPLE : Vi: 
150. In which the propoſed Solid is that ariſing the 
| _ Rotation of the Ciſſoid of Diocles, about its Aris. 


, x3 


Here, 5 being = 4 — K* * we bare f (N = s 
8 — 5 But, in Caſes like this, (where the Denothinator | 


is rational and the variable Quantity in the Numerator . 
of ſeveral Dimenſions) it will be neceſſary to divide the 
latter by the former, in order to obtain the Fluent, by- A 
leſſening the Number of Dimenſions : Thus, dividing _ 
pr r by — x a, according to the Manner of —. 
Quantities, the Work will ſtand thus 
—x+a) p- (pn A- pax pa 
3 pæ -p 5 
| T bar 0 
Iba - pa 
— Tron 
2 pa"xz—pa*z 
+pa*z _ 


. TR Quotient being Pe paid, and the 
Remainder po. , the Value of the given Fraction — 
Vin 


The te of Proxions 
will cherefore be truly expreſſed by — p. — park — 
1 + ines Tiny _ is 

28 — 2 par; . 4 2 
e 126. 6 


EXAMPLE VI. 


151. Let the Solid be that ari an the - 
's — pe - 


The Sub-targent Eof this Curve being = De 


_ an 48 and 57.) we have & == 


XZ br $4 "ay 
—— 4 CD BE. ROTTEN — my — 


. _ * » N — —— — = 
. — — — 2 * — . 
* - — + pe" 2 _—_— 2 
— — Deva 
, 


- 
—— 


| ; A 15 · a 2 = = EE = — 
1 12 
1 == Has, rf mw 
4 = 


ing the Flueat thereof, put 2 2 and then, 
y being = VI == and j = . we man, 


| n a paPu — 
= sade get 7 = = VP * 73 * * — . 


— 
— , 
4s 


— ans 
— SO 


| | | Whence, the Fluent of "= being expreſſed by 
| =P he Arch (4) of hr Cite vhs Revies l Unicy nnd 

| IF + An. 243, Sine 5 > the Fluent of the whole Exprefion will be 
22 „N. Which, when y- go, or url, 
_ > x 29 +px2 65") N for the 
[| | 3 of the Sk Solid, when its Axis becomes in- 


finite. 9 


E X- 


Fn vs 
* 


in finding whe Content deln, 


EXAMPLE vn. 


152. Where it r find the Content if a — 
Spindle ; generated ly the Rotation £.4 a given Parabola 
ACB about its. Ordinate AB. A 


Put CM (che Abſciſſa of the given Naber 4, 
and the Semi- ordinate AM (or BM) =] and, DE, 
poſing ENF to be any Section of the Solid! parallel to 
E its Diſtance MI Fo Ep) from DC, be denoted 
— 10 pe by the oper of the Curve, we ſhalt 


—— 4 — 


* „ . 
} g 


une a” (#9: Er- * 22 c 00 2 0 A 


#53 S | 


n Therefore EN: (S * CP), . 


* 
. — — . conſequendy þ & nw = bf. 


z IT = the Area of the Section ES 


2 —— by 1 $ the ee of PMNs gives. 


18 — 
12 19-235 $8; 


1 


Solidity, ® — . x FIT; . 


3 N ES 2. : 7 
e half th 


„53. 
— 


F ens es rn 4 


— — 


— —— 
1 E _— 
— - 
= 3 * 3 * 
ond. af. A by =— 322 2 
* 1 2 . 
— — — — — 


1 
> 
— — ery Ee Hs 4 A ST —2t 


* Art, 313+ being e reſſed by 2dþ x e 


BY Us Frerione , 


| EXAMPLE vil. 

1 Let the 3 tbe - Reed be 
4 —— 2 2 1 
Circle, ACB, . it — or Ordinate, AB. | 
Then, if the Radius OE de put = r OM and 

EP = ww He. { ds before) wie ſhall have OP ( = 

VOE— —EP)= VP, and EN ( =OP—OM ) 

== —t: [Therefore 5 % in t this Caſe, is = x 


V - 5 4 


— 
pin N r-. G —-adHu¹r -. 
— — 
= pv f d- N N- 
e e eee 
Whence, the Fluentof the Part, pv x 24% r = 2d 


= 24 K U x Vr = a x w x EN) 
Ar ag "Id" EC the Fluent 


of the » Or Bra, true Value of 5, will be ex- 
preſſed by pw x 7 OT — 24d x Area MNEC, 


or by its Equal px M —4 — 2þ X OM 
X Area NEC: Which, when MN = MA, ives 
p x FAM" — % N OM x: Ai for the 


tent of half the Solid: Where the Area ACM may be 
found hy Axt. 124. or more-<eafily by che commom Table 
of the Areas of the Segments of a n g. to * ket 
with in moſt-Books of Gaaginę· ee 


EXAMPLE NK. 


134. Let i be en . 
AEGB; whoſe tur Sides HI, AF, CH, CF are 
Pr Surfaces, and its Ends en. EF GH given. 


eftangles, paral] Parallel to each eth SN 5 X25 5102 | 


» of the yy be denoted 
pr EF)-by-c 


Ek 


Let the Sides AB aud A 
by a und-5 aud thoſe of 
: and 4 e ; moteover, | 


"+ Arte Capers aft. 
dicylar Height of che Solid 2 let x (conſider i as 

2 | variable] be che Di — Sbeceaf 
6 4 (ra to the B 
of a | ; — 
md E 
1 * 8 
_ * 
* 4 TEE $84 
* | 
J £89 

) 4 


A Ton 1 5e -n. 


e XK * 
* theſe "RI have — ns 8 


n ag. | Hence IM = bes a 


+ ey and MI. = = ” +4; and conſequently the 


Arcaaf the Raftnge (IL) = == * + 


= 


92 ls 8 5 rm — 8 that 


- 5 — xs + 4: "nou being multiply'd by 


L and th Plc ue, ture rules WA 


179 


180 


' Phe Up of Fruxtons 


' : 8 . | My — — 4.4 
Which, when * = 5, becomes (AEZ 


"=. 4 3 
— +cdh = 2abFad+be+2ed & 3 h=) 


AB x AD+EH xEF+ab+thxAD+EFx3þh = 
the Quantity propoſed to be found, © 

If EF (a) be ſuppoſed to vaniſh, and the Lines EH 
and FG to coincide, the Planes AEHB and DFGC 
will form an Angle or Ridge, at the Top of the Solid 
(reſembling the Rooſs of ſome Buildings, whoſe Ends 
as well as Sides run up floping) and, in this Caſe, the 


Content, found aboye, will become more ſimple, 7770 


then expreſſed by 2b f be & db, or its Equal 2AB+E 


xADx4#b, | | 
But, if EF be xg and AD=AB, the Solid 
will then be the Fruſtrum of a ſquare Pyramid ; and its 
Content =a*+ac+& x 4h, = AB?+ ABxEH+ER* 
X 1. From whence, by taking EH go, the Content 
of the whole Pyramid whoſe Baſe is AB!, and its Al- 
titude I, will alſo be given, being = AB*x 4'h, 
EXAMPLE X. | 
186. Let the propeſed Solid be that, commonly known by the 
. — of a 2 ; whoſe Sections parallel to che Bale 
are, all, Squares, and whereof the two Sections per- 
pendicular to the Baſe, through the Middle of the 
oppoſite Sides, are Semi- cireles. 
ä | „ „Let bedef be 
A any Section _ 
| lel to the Baſe; 
- | andletitsDiſtance 
Ab from the Ver- 
tex of the Solid, 
1 be denoted by x; 
alſo let a repreſent 
the Radius AB 
(or BN) of the 
cir- 


in finding the Contents of Solids. 


circular Section ABNA, perpendicular to the Baſe.. 


Then, bn being (by the Property of the Circle) = 
V 2ax —xx, the Side of the Square df, will be = 
2 V 2ax — xx, and therefore the Area = 4 x 29x — K 
whence 5 = 4# X 2ax—xx, and conſequently 5 = gax* 
, 3 4 ES 5 ET 4 3 

2 : Which, when x = a, becomes — dhe 


Content of the whole Solid. e 

If the Solid be a Groin of any other Kind, or ſuch, 
that its two Sections perpendicular to the Baſe, through 
the Middle of the oppoſite Sides, are any other Curves 
than Semi-circles, the Content may, ſtill, be found in 


181 


the ſame Manner; and will be always in proportion to 


the Solid generated by the Reyolution of the ſaid Curve 
about its Axis, as a Square, is to its inſcribed Circle. 
But, if the foreſaid perpendicular Sections be Curves of 
different Kinds, the Sections parallel to the Baſe will 
no longer be Squares, but Rectangles; whoſe Sides are 
the correſponding (double) Ordinates of the reſpectiye 
Curves. Thus, for Inſtance, let one Section be a Cir- 
ele and the other a Parabola, whoſe Ordinates, to the 
common Abſciſſa, x, are expreſſed by Vdx xx and ax, 
reſpectively; then the Sides of the rectangular Section, 


parallel to the Baſe of the Groin, will be 2 Vdx—xx and 


2 „ Whence the Area of that Section is = 4» 


Vad—ax, and therefore 5 = 4x+ Vad—ax: 
Where, by taking the Fluent, * =:  . 


16d” Vad 3 * 4 — A X 16d 24 


= = the. trus 
Content of ſuch a Solid, 


nes - - 
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The De of FrUxIoNũS 


EXAMPLE x. 


is Where the Solid BACD propefed is a End of Con 
of Pyramid ; form'd by conceiving 2 152 1J 
drawn from every Point in the 8 of any gi 
* Plane BDC, to a given Werl or vers, 3 a 4 


"ey ava 


19 A. Let EFG as 
Wt Section parallel ts BDC, 
whoſe perpendicular Di- 
ſtance (AQ) from the 
1 Vertex let be denoted hy 
| ; moreover, let the 
whole given Altitude 
(AP) of the Solid be put 
= a, and the Area of 
tze Baſe BDC (which is 
P alfoſuppoſedgiven) =. 
IRE gt mind ann it is 
-  ealy to A che 
| | Planes BDC and EFG 
muſt be ſimilar : And 
thndore, fince fimifar Fi; gures are ło ach other as the 
Squares of their like Sides, or Dimertfitotis, it * 


that AP* (a P) : AR (* BDC (4) : EFG = = 
Wikis f = =, ant conequenty 1= SZ; = © 
when x = a. Therefore the Solidity of a Cone or Py- 
ramid, let the Figure of its Baſe be what it will, is 
always had by PIE" the Area of the Baſe by 3 
of the n. i 


* 


in aue the ,L al. . 


EXAMPLE, Xl. 


n Mew ts find the Content of | 
2 TAs EL ff from 3 1 Rik Gow, La 
5 N mann 


11 AD be the daun dieler Height af the Cane, b 
alſo let AM be perpendicular to HE, the Axis of the 
| Section FEG, and let FAG be another Section of _ 
TG and the Vertex A. 


£ o 1 


preceding Exam le, : thei a e 1 therefore be ex- 
| preſſed by F 8855 


* Whoſe Pilerence, 


| is the Solidity of che Ungula CEFG Where the * 
FCG and FEG being conic Sections, their Areas will be - 
given by Art. 115. 124 and 12 2 whence the whole 
will be known. Thus, if H ſuppoſed parallel to 
AB, the Section FEG, then —4 a Parabola, its Area 
will be = 3x FGx EH * : Wheace th Slide of ch Ant. 115, 


N 4 


— rv —— RT , — EC 


e ooo, wRoe—_ — — 
— 
7 0 


184. 


The Uſe of FLux1ons | 
Segment EFGA is = 5 x FG x EH x AM : Which 


being deducted from that of CFGA (found by Help of 
the common Table of circular Segments) the Re- 


Art. 41. 


mainder will be the Content of the Uagula. But, if the 
Axis EH produced, cuts AB. the Section FEG will be 
a Segment of an Ellipſis EFK G; whoſe conjugate 
Axis (ſuppoſing EN and KL perpendicular to AD) is 
=2 VENxKL®. Now, in order to compute the 
Content, the eaſieſt way, in this Caſe, let the Ratio of 


EH to EK (which is 2 by Trigonometry) be ex- 


+ Art. 124 
and 130, 


preſſed by that of m to Unity, and let the Ratio of CH 
to CB, be as = to Unity: And from the common Ta- 
ble of Segments (adapted to the Circle whoſe Diameter 
is Unityf let the Areas anſwering to the verſed Sines m 

and n, be taken and denoted by H and N reſpective- 
ly: Then, the Area of FEG being = M x EK * 
2V EN x KL, and that of FCG = N x BC, the 
Content of the Ungula, by ſubſtituting theſe Values, 
will become = N BC*x ADD MX EK X AM x 
2 ENX KL: But, ſince AM : AE :: KQ (perpen- 
dicular to AC): KE; and AN: AE :: K Q: Kl, it 
follows, by Equality, that AM x KE = AN x KI ; 
whence the Content of the Ungula is alſo expreſſed by 
Nx BC*x AD -r Mx ANxKIx Zz VENX RL. 
Which, if H be ſuppoſed to coincide with B, and KI 


with BC, will become CID Ge. x BC* x AD — 
ex AN x BCx2 VENXBD = 0.26179 
ker. x BCx BC AD—2AN%/ENxBD. © 


' When. the Section EFG is an Hyperbola, its Area 


may be found by means of a Table of Logarithms (in- 


ſtead of a Table of Segments) whence the Content of 


che Ungula will likewiſe be had in that Caſe. 


>% = 
« - 7 13 
3 „ * ; ' * 4 
* - * # 5 
3 E p 
3 * — 
— > 


„ 14. #44 


in. finding the Contents of Solids, - = 85 


= "i AMPLE XIII. 5 | 


158. Let AFC, or AGD, be a Curve of ay Kind ; 
whoſe Area, and the Content of the Solid ariſing from 
its Rotation about its Axis, or Ordinate, AB, are 
both known ; it is propoſed to find, from thence, the 
Content of the Solid generated by the Revolution of 
that Curve about any other Line PR parallel to the 
ſaid Axis or Ordinate AB, | | 


= Let AP, F „and CR | 7 Y | 
be all ns ſes to AB | F — C 
and to the Axis of Motion 4 £ 75 | 


PQR ; alſo let AP (or | 
EQ] = a, AE, conſidered”, EE 
as variable, = w, the Area A— — B 
AFE, or AEG = M, and 2 TEE 
== Solid, ariſing ow its * 
evolution about 1 hf | 
N. It is” plain that the G[——D 
Area of the Circle gene- | 


rated by QF will be = px ] | | : 
FO. ® = pþ x a + EF: be 1 
= pa ＋ 2pa x EF + px - +. - 1- JR * Art. 145, | 


EF“; from which de- Q 
dying the Area, pa*, ge- hee | 
nerated by QE, the Remainder, 2p x EF + þ x EF, 
will be the Area of the Annulus generated y EF: 
Whence the Fluxion of the Solid generated by AEF 

is truly repreſented by apa x EF x wv + pw x EF*+: | 
And, in the ſame manner, it will appear that the Art. 148. 
Fluxion of the Solid generated by AEG is 2pax EG x av 
— fav x EG“. But the Fluent of EF x «v (or EG x - 

is = the Area (M of AEF (or AEG) f, and that of 
pa x EF* (or pa x EG*) equal to (M) the given Solid t Ar. 113. 
ariſing from that Area 5; therefore the Fluent of the 6 
IM hole, or the Solidity required, is 2paM+N, in the 9 Art. 145. 
former Caſe, and 2p NV in the latter; where 25, 
ö in 


1 


386 ; 


Art. 148. 


Art. 146, 


We Uſe Fruxion 


in either Caſe, expreſſes the Periphery of the C under 
deſcribed by AB, about the Axis of Rotation P 

Hence, if ABC and ABD are equal and ſimilar to 
each other, then the Value of M &c. being the fame in 
both Cafes, it follows that the Content of the Solid ge- 
nerated by AFG will be expreſſed by 25a * 24 or 
204 x Area AFG. 

Now, if (for Example ſake) ACD be fuppoſed a 


. whoſe Semi-diameter is 4, the Area of that 


Circle being = pd*, the Solid generated by its Revolu- 
tion (repreſenting the Ring * an Anchor) will therefore 
be = 2þa x pd = 1 But if you would know 
the Conn of the 

* BAC, or the lower one BAD, let the Cantent 


=D *of a Sphere whoſe Semi-diameter i is d, be wrote 


for N. in each of the two foregoing Expreflions, and you 
will then get p*ad* + —— 2 „and fad®* — — * 

Again, if AFC, and 405 be taken as Right-lines, 
you will have A = (e (or AB - =D); and N 


= 5x BC*X3 AB (or p x BD? x « 2.AB) +: Hence the 


Solid generated by the Triangle "ABC is ( =2pa x 
—— x BC'x AB)=pKAB x BO x 


2 
REBT TEC; ORE ABD (= 25h * 


. 3 BD. * re TR AB x BD x 

RB 7. FOE | | 8 N = 
Laffly, let ABC (or ABD | be conſidered as a Pa- 

rabola, 5 8 Ordinate is fr , and Axis CB (or PB): 


1 Art. 115. Then A being here = 2 AB x BC (or 3 AB x BD) t 


\ it 


art generated by the upper Semi- 


and U =BxaB . eg e x AB Bb.) 


; $ Art. 252. 


i 


| in finding the Superficies of Solids. 
it follows that the Solid generated by ABC will de 


(= 298 n$AD x BC +22 x AB x BC) = 4px 


AB x BC x 15 , and that generated by ABD 
= 49 ABx BD x x 4D 5 


SECTION = 3 
The eo Plies 
x 


ſent a Solid ge- 
nerated by the Revolution of 
any given Curve AF: abbut- - 
its Axis AH; alſo let a | 
Circte, whoſe Diameter is 
the variable Line (er Ordi- 
nate) Anke. be conceived 


I 59. 1. E . rar begins 5 


ward FF, and 4 dilate 5 
itſelf ſo, on all Ae, at tho 
ſame time, as to generate, 
by its Periphery, the pro- 
* Superficies RAR: 
hen the Length ef that 
Periphery, or the generating 
Line, being expreſſed 
2s 1460088 &c. x R 
(= 299) ve the Celerity 
with which it moves by æ& + F 
me Fluxion af the Superficies RAR, or the Spa that 
10 would 


187 


Art. 144. 


+ Art. 135. 


188 The Uk of .Fruxions | 


would be anitermly generated in the time of deſcribing 
£, will therefore be truly repreſented by 2955. 
Hence, if w be taken to repreſent the whole Surface 
RAR, generated from the beginning (according to the 
| Method obſerved in the three laſt Sections) we ſhall 
Art. 135, have «v = 25% = 255 1 *; whence w itſelf 
may be found, | _ 


EXAMPLE L 


160. Let it be propoſed to determine the convex Super- 
Ee "ea of a Cone ABC, T0 


Then, the ail of the Baſe (BD , or CD) 
being put = 5, the flanting Line, or Hypothenuſe, 
AC = c, and FH (parallel to DC) = y c. we ſhall, 
from the Similarity. of the Triangles ADC and Hmb, 


+ Art. 159, have 5: c:: (mb) :* (Hb) = = 75 Whence w (2þyz +) 
= * 3 and e 1 = BY f 2 » Thijs, when 


5 =, ee 2 

x DC * AC =t — 4 

vex Superficies of the whole 
Cone ABC: Which there- 

fore is equal to a Rectangle 
under half the Circumference 
3 of the Baſe and * r ny 


) 


n 
1 
— 
6 
bs =; 
8 
8 
5 


EXAMPLE KW. < .; We Ks 


60 | Ln the Solid, | whoſe Surface you would find, 
Ea | bs a Sphere AEBH. 


"I 3 Cale, putting the Radius OH=a, AF=x, 


a 
4 


— 


Hm = &, Oc. we ſhall (by reaſon of the fimilar Tri- 
angles OHF and Hmb 


) have y (FH) : a (OH) :: „ Art, 68, : 
5 (Hm) : £ (Hb) = . Therefore (296) = 


2þazx ; "and conſequently x 
the L e (w) itſe * 
AF x P TW , 
AE H. Wich, if the -; 5- / 
whole Sphere be taken, 
will become AB x Pe- 
riph. AEBH = four times 
the Area BEAHO. 38 
Hence the Superficies 
of a Sphere is equal to 
four times the Area of 
its greateſt Circle ; And 
the convex Superficies of any Segment thereof, is to that 
of the Whale, as the Axis (or Thickneſs) of "Op Seg- 
ment to the Diameter of the Sphere. 


EXAMPLE m. 
162. Wherein lit the parabolic Conoid be propoſed. ' 


The Equation of the generating Parabola being 
2 


r. or . we have * = _ and therefore 


Hence 4 v( 3 =2, Ia. 


3 luent 


in finding the Super fits „ . Solids. 188 


190 RS; The Ub of Froxions N 2 


, w coated bo op 


ela ase K. te 4 ge for theSu- 
e IG 


163. Lit it be required to determine the rute. | 
of a Sphoreid, FA 


Let ACFHG repreſent one half of 2 
8 generated by the 3 of 

, about its Axis AH; put AH=a, FH (or 5 
Sc, BH=x, BC=y, FC=z, and the Superficies 


nerated by ob (or GD) =w: "IIs from the 


#. 


ture of the Elif, we have y/= c-; whence 


1. 55. c ge, and conſequently & (=/# + 7+) 


= Te OE 


Va — „ GER 


in finding the 60 055 of Sad. 


— a 
D = FELL 


Df. * + ORE SY | 4e — 
34/F< 772 
r 


— _ _ 
* 8 2 | 74-6567” 8 88 
Fluent may be, aber uuiſa, very eafil y-exhibited by means 
of the —— of a Gree For if — the Center H, 
with a Radius edu ee 7 „ 2 Circle SER be deſcribed, . 


and eve Ordinate. BO bo produced © interſect it in E, 


4 
4 Wenden that BE = V 55 * a hai the: 
Flüxion of the Area 'ESHB will be expreſſed by « 


A. „ ed tang 6. 2 x . Be. 


| — before found, in the conſtaut Ratio df x to 


25 , their Fluents mulf therefore be in the fame N- 
tio; And ſo the latter; rai the © compar > 


"nila == * 1 
* BESF HI. 97 


This Solution, it my 11. ables, eines: 


| Caſe of an oblong Spheroid, generated * the — 


of che 3 about its greater Axis; in an oblate 


 Spheroid, 


, 
C n 1 
1 * 
- 


192 


. 


vx 


® Art. 77. 


F Art, 7% | 


the Uſe of "© RO 


Spherid generated about the leſſer — the Value of 5 : 


TE — will be impoſſible; ſince, in this Caſe 


Hr is greater than HA. But, if we, here, put 5 = 


Aua, and d= 7F 7 0 the Value of a (found above) 


2 
will become = 


= , FTP: „ Whoſe Fluent may be 
3 out by help of a Table of Lagarithans 3 ; 


For, let the variable Part + /4d* + be tranſ- 


formed to 8 45 2 i 77 12 
Ni v VA + o 


Ad + as "Do 1d az © | 
=) PS + pr. ſo that the Nu- 


Ly bs xx * 


merator of the firſt Term em ger (cow ina given | 


Ratio to the Fluxion of . under the radical 
Sign) may be had by the common Rule *; by which 


means we get 5 V d*x* + , for the true Fluent of the 


aid Term : „ to which adding the Fluent of the other 


z 4X 


| d* xx 
Term = or P—_— ( given. by Art. 


126.) there ariſes & Vd + x* d * hyp. Log. 


4 ＋ +7, for the Fluent of 4 i. + **: And 


this, correQed F and multiplied by 2. 4 gives T 
| v7 FF + pod x hyp. Log. de EF for the 


Superficies i in this —_ where ws ap mon W is 


an oblate One. 


£ * \ 
4 2 
* 
o - 
X 
o 
1 


fs ent Ws AMPLE: v. . aa 


2 1 5 75 — * ook 15 111 * TY «A 

— _ Lu te 1 hol 7 2 2 bee be the 
1 noi „ 

©) let the ſemi «a Ax, +) the axkbracin Hy- - 
— perbola, =a, ſemi- conju te c, and the Di 

a of any Ordinate from the Center- + thereof =; then 


| 12 the Nature of * urve you. will have = 
e 5 


e 


ſs . ” > <p and 4s 2 2 2er 

: — and as (ap) =, 225 

— ay xx — aa * h aa 

F | Vas Feu —af 3, which laſt \ Value, if d: be put = 4 
— 7 7 vin be more commodiouſy expreſſed by 3 ; 
n | 27 = . e the Fluent, by proceeding 

] wn ths * Part of the foregoing. Example, will 

n ter r = _ 

R come out = 7 — ted x by. Log 
1 wt 8 : Wich corrected (or taking v) 

5 | er e e © by. 28 | 

. WO 7 $ Go 


EXAMPLE vi. . 


5 1s 1005 be propoſad to find the Super fiies 7 te, 
** . Selid called a Grain.” (Vid. Art. 155.) 


. "Li 5 be an gection of t Solid grallel to the 
_—_ — _ let x Thy Diſtance * the 
: ertex 


TTY 


- 5 2 I 
» * „ — * 
2 1 * . N « + Fs e, 
A i Ly 4 * 5 af fr ; N » * CEL 


Vertex A, alſo put z Tek =y to * en Arch 
Ax of the ſemi- circular Section NnA &c. whoſe adius 
AB of 128 let e 9 e er, e ths . 


. appears from tn. 11. that's = = = = 


| Anu Which Value, multiplied by (2 * Zar — xx) that of 


9 


gf 


de (= 2bn) gives 243 *®-for the Fluxion of one of the four 
— convex Superficies by which the Solid is bounded. 


ce the whole Super cies ( extluding the Baſe) comes 
out = 84*: Which therefore 1 en y equal to twice 
the Baſe. + 55175 
If the Solid be Kappe a Givin of; any other Kind, 


r that bras two equal Sections, through the Middle of 


6 oof ſite Sides, are other Curves than Circles, the 
Suge cies. may //ill be had in the ſame manner; and 

1 be always in proportion to the Superſicies arifing 
from the Revolution of either of. the ſaid_« equal Cury = 4 
about its Axis, as a Square is to its inſc 


* 


n va.” 


Superfcies of the JOEY ſuppolix 
Curve . to de a Parabola, w. there fore > be = 


#{& 42 ** r 5 7 : 4 
of Fa ; 
> , 4 4 ö on ” 
£ : 4 6 BY 2 4 Us 4 + + 5 in WL = 
f 1 G > . 4 £+ ©» - as 2 - - — 
" 3% a 
. * 


e generating 


Circle. 


Thus, the I of a parabolic Conoid being = 
| 1 
2 — 22. — 5 -( 5 on 162, ) the convex | 


EZ , Abd os os oth on... - - 


* 2 43 


22 


in aue, 855 reer OS. . 


166. Wherdin 1 tt # be Sos 1 17 convex. 
7 if a ane. 'Un formed by a e 


| ct ug + e ) 
OM vi e N. lel to AO) it is | likewiſe 


plain that the Space 5 [Nam and MPpm, generated by 
thoſe Parts, will be to each other in 9275 2 Ratio of 


AM to OB. And ſinde this every where holde, it 
generated by 


follows that the whole Space (ENM) Se. 
MN, will be to that (EP) generated by PM, as AM 
to OB: And ſo the hh required Superficies ( generated 


by AM) is truly repreſented by Jy xAres EPGDCE. 


© 2 | | But 


E paſſing thr ough the Baſe of the CM ne. 
100 a right-ang gled Triangle ig (whole Baſe o 
is the Radius of the Circle t ſuppoſed tu ra- 
volve about the Axis AO; whilſt a Right-line NP, 
_ drawn perpendicular to OM from-the TheerſeAion of 
AM and the Arch EFD, traces out, __ the Baſe * * 
che Cone, the Curve-line * 
2 mag 
conſi⸗- | A. a 
dered as two. Po- Dy Mt p52 n 
fations of the ge- eie: M Ns nels IE 1 
nerating Triangle ede e ee eee 
„„ ee enn 
evident chat the, R 
E 
will de to d. 1 5 | 4 
Space don, ., / / | /[N\ 
nerated by ol, F Y Fa 61 
28 to F i | 
© My | WA = 
N aad MP: bes IX, XG 
Pat 8g Loy gre = SY | _ | 


=. 


. 


But now, to find this 8 EG DC E, it is ob- 


ſervable that the Area of the Plane DFE (being the 


Segment of a Conic: ſection) is given, by Art. 115. 1 


er 130. And it is very. eaſy to apprehend and de- 


montfrate that the Area fo given will be to that of 
EG DH, as the Radius to the Co- ſine of the Angle of 
the Inclination of the lad Plane to the Baſe, or as HF 


to HG. | Therefore, "ſeeing EGDH Þ = — LIM X EFD, 


Hf 


de have EPGDCE ( = ECDHE - — - EGDR). = 


ECDHE Hf * ED, and conſequently 55 * 


EPGCDE = AM x ECD He , 
EFD = the t Superficies that was to be found. 


If the Point H be ſuppoſed to coincide with B, 


| ECDHE will become the whole Circle CB; and EDF 
will become a whole Ellipſis, whoſe greater Axis is BF, 


and its leſſer Axis = 2 2vVOBxOG. * Therefore, the 
Area of the former Fi igure will be expreſſed by p x BO*+, 


and that of the latter by px 1 BF * YU 9 
and ſo che convex Superficies of the Part BFC will be 
"AM 


; _- ot tg 
(0 — S FF r 


L * OG) = ? x AMxOB —p x AMx 130 x 
V. . Which being deducted from % Xx AM x 
OB) the Superficies of the whole Cone BAC, there 


reſts a 1 BG X Een the Superices of 


OB 
the e Cone bar; 3 bien ys hence * allo 2 


* 


4 5 . . « * EF. Y 

a 4 , * 6 — N 7 0 
1 ; ö 1 * 1 0 -4 - 1 _ ta , PSs , 11 | v 4 12 
©. k YE — 4 P 7 c £ bi Ly bf 4 * [4 , * kl 7 7 »f4 I * b * = on * » o e — 4. 1 


* N & 117175 Py c : 
ty 4 4 13 a — 5 * 2 
\ a » $ * 


. — . » e 


* 


ora next the Vertex, 
whether, a Curve, Solid, 


found ; from whence, 70 
x 


next the Vertex, be required; then the «Din 


in + the ee gn. 


ITS „ 22 "If rail 


. 1 1 "+ IT + sener! 10 1. wo 4 A SP * 
4 , 4 44. 17 11 8 . rs 10 


67. 1 mol}... 05 the e. geren in 


r lat © geckions, the: Part 


or Superficies, is firſt 


g, the Altitude ( 
ofthe, Fart e to; (« 455 
Aldtade 15 
Content of To za is is Le 
deduced: But, if fol 100 
Content of the lower Seg- e. 
22 (CED) * a7 10 none 
e (ABC). 1 7 105 k = 
14655 rt (A 553 425 — i + *. 


tween the IV bol and the Part taken awa 
before explained) will be the probes ſoup 
Thus, for Examp — let ABC 


e adele between any 


C..(6, 
ITS 4 ara ibs BD (0 50 
r. 8 „ ar th&tefpre * V2 en. 


5 . 


whole” Fluent” 2 IT L ig'a genera eee ain 


comprehended between the Vertex and the O 2 
Whence, expounding 75 by band c — 96 Fat 


I and 7 a oe Values hed AO 
e n „an 0 „ eie 


S is the required Are | 


175 whole Diffuse 


LEW 


Bot, to expretz the me inde pendent of IEA . 


will he yo the "_—_ of the Curve, . XA 
9 . 


opyſed fi NE 2. 
ö et it be ed. t docs 
Pas, Beg N 


$3 A? „4 


198 


whence, by Divion, * a * — * AB: BD ( 2) and 


n by 22 — 2 = 15 S4 ; which firſt V being 
— inflead.of o there reſults nCED'= =" 7 RG 85 
A ˙ ond). et 


13 4 ES p 171 + Key EY e \ + A 1 | f 
After, the ſame. Manner, tue Seginehts of ens Fi. 


gures may be found ; but in many Caſes 1 5 
rpre nay by had from A an Toveſti gation, .w 


| Either Feine the Whole or the Vart takep away, 


Thus, in the Cafe above, 4f:ehe Excefs of als, 05. 
dinkte RP abbve DE (e) be denoted by ue, we'ſhall 


have, by the Property of the Curve, ee | 


DE) Le- DB (9; Dp= 
MEFS, "whols Funden 0 4 50 7 
multiplied; 9 1% 175 FR); yg * N 
n fot n läden a 0 


Fan 1 


ar Nee rern (anker vw; 


19050" i245 


5 _ = ES; 0 Taj vill when ae =b—c (or RP=BC) 
. a 


ang, d cafe, f. 


- — 7517 .. 11 


| 2d * ee, 1 112 L 
ba truly; expounded. by rl e fs 


K 21 


ad bt ＋ c +16 4 25 2 9 
trie Tah, 2 3 KD bþ PI 0 e 


br Pn for another Buam le, E= be: *. 
dered as the lower Exuſtrum of an 3 — 
Center is the Point B. e 

by w, we ſhall R * t 285 055 


a a3; Sw 


r 


a e ee 


8 & 


1 FA, 


Go £5 


—_ 


* 


K SS —- 1 —— TT © 


in finding the Supi of Solide 
Fluent (p e! = = pw x 


PFTIFET =; pu x 207 LE ST 


2BO FT PRIVY is: the true Content r ä 


which wilt alfo hold when the Figure ig a Spheraid· 


This laſt Method, of finding the Content of a Por- 
tion of: a Figute, remote from-the Vertex, wilt be of 
Service, when the general Value, for the Whole, can- 

not be without an infinite Series z becauſe 
ſuch 4 Series, in that gal. not n decomes 


ray _ . apoſed reh F 
1 ＋ 
Ne rw of feck — Wet os, So 


Content 1 may _ a. when to find it at 


once, by à Series, commencing from the Vertex, would 


| OY Mar 3 


5 of FT HS, 
. 1 85 Thr 2 E j * 


wh 2585 AT: 1975 1255 s 


I 9 25 ve ee ne, (MAN 1 * 


i * wy e „ Aue 10 D 
Toy Hank alue found by che Property 
the C 2 vin Ce ul glue of 2 
in 2 Seren — 10 oreforicd by a+bx+x*+dx* + ex? 
fu. 1 c. Abele 2 18, 


the Ares MDRN 


byte repreſenred dy the Fluent of of & x eee 
4 a Go 


"The Ur T2 Proxions | SI 


| n 1 dib 
Geer 8 x * AS ID = + Ge. 


by vriting inſtead of Xs — oi be = | 
| eve 2 _ 2 ex — —— e 


r 


bi ox” is... ak Cad 


0 257 . n + 74 22 — 
. 


hs CORUS = 04D 17 re 
Therefore, if DE, EF, FG, and GH br e ſdppioled; 
_— = 'Bc (2 0 400 che rant , ET Se, (found 

— 2 nne 
5 5287 

as 0 be denoted, by 2x.% . — LEE 20d 


43 ' 4 
5 275 em. 80413 5c 


n 2 


7 6 Ty 
2x X no + 5 — er Se x reſpe&iyely, it follows that 
the Area CR * DS + ET will be repreſented by 2x x 


EE 2; 7: 9" of | 7 
| 22 5 TA * fe ＋ * 


858 


* 


fe. 


—— 9 — 


F 
| Eras will ſhew 
the fo f this laſt E fe | 
o: Le & CAWQ 
255 Portion % + + Wc 


17 1 


1 the R. . 
A hen, orienta he 
* n * hy 5 Fol, 
Se Py and 
Hm. (= = Y: = 7. v 14 by 3 Aal the e ir- 5 
| ce, (MN): = FO HM = VI =. 71 


E fragt pſi ls. 


ON vilgge t bone 


DR 


281 13 : 


1 S4 © 221 1 


Ai e et 1 


1 * k ach 43 E 4275 * 2 
at Þ | RELA =Y EET + a i 


in a Series, is — 
in » boring, (00 ad indy VT 15s 


III 1871 I 06 3368: 


ah 7 | 
= rig 4 N X * He. e. Theron” in "this, 
| ) — 


; We 
Caſe, pi 297 Eq 2 2 2. we! | Which — 


9 1 2 4 ; 


| 13 51> 
los of e, by writing. pads”; for ts, Egual # ; wil be 


1911 4 I" f * at, of 
: — 4 20880 whenee' it i allo evident | 


reduced” to — rom 


fuppoſi * = : VIE7) , 


thate = = — os 2 lerer a 


eee 25% 23/24 $9 ie rr 


erp — 1 7 + — 09 U 0+ ax Whos X 


0 =: Fez 
4, 
; I” ag | 
r Le ON 8 Fo 3 iJ 1513 IE ** 2 2 
25 1 N 63 ̃ 
Ws + If, bt 
;, 
8 LY . (A EX MG 1 


* 30=the 152 C that was to 5 ed. 


le, chaſen es an }liuſtration of, t 
Sing. Thi Example may. ind 7 11 Fache de of by he: 


1 Hs 7 


7 


Way 3, ee "the fery fame S 15 droughts out 


= mer if no further No ce is NG of it here, 


The Us „nnen, 


(Vide * 18255 But that Method is alſo applicable to 
any other Caſe, whether the Part propoſed be near to 
the Vertex, or remote from it; and whether the Figure 
itſelf be a Curve, Solid or Superficies ; ſince the Meas 


ſure thereof, mays; Many, be S* by the Area of 
2 Curve. 


There is another Way, ; well known to Mathemati- 
cians, whereby the Amy of a Curve may be _ 
mined, by means of a Number of eq e 
nates; which Method, derived from that Fer 3 

may, alſo, be uſed to good Purpoſe, in CA like LH. 
above ich ret But, it having been treated of by ſeve 
_—c THatiens, the: Reader will ex+ 


ä n 
— * — — * — — — —— 
y : g 5 * 


% A”. 


* I 241. 30 a } — 


— SECTION XT. 


| of the Uk of rasen, mn Kube the 


Centers of COP Percuſian, and _ 
tor of Bude. ne 


7 
168. \HE Center of be 18 ths Fin of a | 
woub ee i Metten. 88 


r a> - 
3 — > 
8 
* — 
Sd 
* 


Law a. "a He 


16 Lot , 6 - 
A wn ke Line (or ddr . rn et: 
in E rio, in n bern Poſiion, 7 : 


Oz 1 er Pi of that Point. "7 IM 


Side ( Lacken ths Fotc of any io ah (p 

'raife the oppolite End Ft Br Bo is as 

* drawn into its Diſtance * from the Ful- 
crum, 


AQ OO WO 


_ 


in finding the Centers 7 Greui &c, 203 
m, we ſhall, from the Equality of theſe F. 3 


5 5 nee! bs 7 * N 68G 


—= 
.D © B A 


” Mew F_Eo 


4 1 CS * . F 1 Fi k 5 * 7 i 1 
5 Bo pubs | &S 71 * * 
. + 45 7 : 2 4 K. = 92 * 


that inp X Es mer WOW SAC rx XD = 


1 e AEZAO+4 2X AF=AO, and conſequently 40 


2 6 . {AE + 9 AF 


— . . 


£4094 0 44, 3 4 +49+r+5+t1. , 1 
From which i ee hat 57 ach Weight be ge; 


: 4 ce, 4 
2 7 2 al the ee Fa. 4 


of all the IWrights, will give the Diflance- of Cnr of 


un frus tha er Paint.) 


Wette. The, rodutts. bere mentioned are, uſually, 
call d: the, Hence, of their reſpectiye Weights;- not in 
reſpec to their Action at the Center O (which is ex- 

dy-a different Quantity) but with regard to the 
ffects they have in the Concluſion, or che Value of 
* 3 which appear to be in (hat Ratio. F 
l 15 


I b Þ 207881 T 1 0 N = 


5 int the Center of Gravity of a 2h 
| Planes Ceri 2550 (ing th the the former 
11 capable 9 <a . 1 


„ * and G the 


| Conte? of, Gravity ef tho hier "paralicl ta 


the H Jori 2 let 155 Line EF be drawn, 4 terſecting 25 
5 10 alfo let AK ad NM be | 
aer bo; Akan, to 4 * 


— — } 


KS. 


| 1. 0 


204 


* 05 rinnen. e ut 


X 1571. Caſe .. 
t Fioure AM 

Le a Plane; let it 
de ſuppoſed to reſt 
in quilibrio upon 
* — ko EF; and 
8 2 the Line 
0 N 


. a Weight, i 
Force e a: 


frown as into its Diſtance AN) ae of A Axis 

AC; that is by yx (ſuppoſing, as uſual, AN and 
MN: =}. . * therefore, -muttiply'd by the Fluxion 
of AN, gives yx# for the Fluxion'of the Force of the 
Plane AMN ; whoſe Fluent, wien æ = AC, expreſſes 


the Force of the whole Plane; or — Sum of all the 


Products of the Ordinates er . hts) by their re- 


ſpective Diſtances from AK FHluent being, 
therefore, divided by the Ave — or the Fhient of 
v E to the foregoing Lemma) dd *Quatient | 


(== =) will give (AO): the Diſtance of. the Cente 


) 25413 i 2 bats G1 £39 


of Gavity from the Line Ak. | - aid way: 


Art. 145+ 


192. Caſe 2. If the Figure be « Sold; let MN be a my 


Section thereof by a: Plane peipendicular to the Ho- 
rizon; then, the Area of that Section being denoted by 


A. the Force thereof (conſidered as ahoye) will be en- 
preſſed by Ax, and the Fluxion of the Force of the Solid 


2 by =p * whofe Fluent, divided by the Content 


af the Bo: 
Cale. * f the Solid be che half {or "the whole) of 


that ariſin from the Rotation 


its Axis A' 5 then (p̃ putting p for ihe Area of the Girl 


W904 and. 


whoſe Radius is Unity) A will l 
ny * — e . 


5 | | 173. Caſe 


in fnding the mm of Grawity, &c. - 205: | 


173. Caſe 3. propoſed be the Curve-line 
A then, 4 orte 224 T Paal at 47250 being expreſſed 
by AN or NCC) we ſhall \(purting 4 AM = = N have 


— = 2©. 
2 2 

I Cate 4. But 5 the Fi pie gives bs the Spores 
95 ca hy te Her of AMB about AC. 


Then, the Periphery of the Circle generated by the 


Point M being = = = 297, it n ay Fic = 
— 2 * 
Hl. Flu. ys 2 2238 


Fla. yz= © 


= AO. 
EXAMPLE I 


- 


| 175 Let the Figure prepiſu the ft us ABC. 


It is evident the Center 
of Gravity? (O) will: de 
ſomewhere n 5 5 

dicular AQ: 72 
FA, BC=6, AN 
— * 5 and MM=y; then ; 


7 bring = . we ſhall 


have, Caſe 1 AO (= 
hang, by 2 22 Flu ** *© 


aw manner, the "SID of. Un 


| any OR plane) Triangle. will appear to be ut f 4 of the 


— ms _p 2 8 — = £. 


2 tho Triangle. ra 
| E X- 


* 4 5 5 


— —— ———— — 
— 


47 5 f : o 
, - \ 


* x ANT . * 


150. Let the Figure propoſed eee | 


n 
2 whereof the Equatian is = = 
Ele, Target . 241 
2 Au. yx * Flu. æ 7 n＋ G 


the Diftance of the Center of Gravity from the Venex 
of the Curve. a, ; 


E XA. M PLE m. 
177. Let BAC be @ Segment of a Circle. 


Then, if the Radius thereof be put 7, we thall 
have y (NM) = V 27x — xx: Whence the Fluent of 


— — 


vrt a are ee an} wil, by Art. 163. be found * — 
2.— =] Ae ANM; which divided by ANM, | 


- 
gives — 3 . INE AO This, therefors, when 
| A | BAC is a abuts, 


| becomes = hs * 


| - 5 * 7, nearly. 
E 9 \F. But, with re to 


_ __ the Center of 
of the Arch BAC, 


r 
we have, Flu. ms, (by Ce 5.9 Fluent of 


' 8 
—— r* AMHR 0” Aeneas 


Var bs 
| : r „ MN 


5 XX. 


in fnding the Centers of Grablly, e. 455 


„ EXAMPLE . = EAR 
8. Ta ABC ſee the preceding F repreſent a 
5 os of a N or Ipber 220 e 


In which Caſe, denoting the Axis of the Sphere, or 
Spheroid, by a, and the ether Axis of the generating 


n when anFlliphis, by 3, wy have y*= == * = | 


Flu. Zs. * = DDD x at : 
Flu. J 1 Blu. ax — xx X 4 *r © A. 27% 
i= s 1 2 0. 
f EY” — z z;. ba — wo 
W the Solid be an h perbolical Conoid, the Diſtance 
(AO) of its Center of 4 of Qtavizy from the” rtex, will 
alſo be exhibited: by the _— here 5 — out, 
when the negative hanged to poſitive ones. 
179. In thoſe Caſes where the Figure cannot be divided 
into two Parts, equal and like to each. other (as a Curve 
is by its — He.) the Poſition of two Lines EO, 


and therefore 


(fee. the Figure). mul be determined, as above; 

in whoſe ion (6) the Center of Gravity will 
be band. | 
I EXAMPLE v. 


Le A be 4 eee e. whereof the 


4% 3 4 


LED . Equation {4,5 =. 


A , 
* 
. . p 
——— 2 — * „% „ * . 1 4 4 2 
* — K 


4 8 


neger, from PX ry char (AO) the Diſtance & 
| EGO from the Vertex, is expreſſed by Ex AC: 
But to find the Poſition of oGe ( e, AN Yet to EO) 


=; 


let Mu be ark ot =x 
7 ni 5 3 then 08 ſs e "and 
a e228 BY e, 4 <4 ENAOOOHY 00 poor thei; 


— er —— 
— — — — —— 
« 
Y . A! 


— . — 


2 08 * 


an. 171.) whos Fluent | 2 EM 


The Us. of Fapziovs,; aA 


mt NM G) Kr ace drnoted 4 by b, we 


p 4 A m7 2 47 * 2 " + & * 
"1 4 14 * 11 : 3 » 3 1 : 4 inf A ail 
by 4... g * ? 
4 * £ 6 1 oo ; 5 
1 * rer, 
— 4 x „ d « o 
* *- — 
* * 8 * ; 
: % © 1 1 A 2 £ 5 
o C 5 , ax $55. '% 
4 - 
2 4 7 .* 
T1 by 7 — Nr : 
MS - — W 4 ol 
— | 
— . 2 0 * 
N 


— 
ee 


8 meg 1 e 
Fluxion of the Suid of the Forces in this Cate 0 
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EY _ „ee . when 1 Cl die 


BC AC 188 ai n+ 
by the Area ABC (= — Gu 


BC. for. the: true Value of Com Hy Wi, in 
caſe of the common Parabola, where 1 = LI = 


where AO\ 2 Ac) =7AC, will become = = {c8. 


Before. 4 e this Subject it way not Ly improper 
8 


to. take notice, that, whatever Line a fou 


Calculations u b ſuppoſing the igure to 
2 18 ol Equilibrie, 


, 2 * 
, Cu awd wade. th ik. OG 


Ex * < 
Nm» oa 


e 


bur Wh Pe 


K 


2% 


i - 


* 


— dts dh. 260 


- 


— * 
„ W'S. - 


| O be the Point in 


in finding the Cinters of Gravity, æe. 


Equilibrio, upon that Line, the very ſame Point, for the 


Place of the Center of Gravity, will be determined. 
180. Thus, let 1 


the Axis AC, or” © OD 

a given (Curve ' RP, 

BAD, deter- Ade 

wire as above, — | 

ſuppoſing the "i 

A ure to reſt 

— 9 EF , Pars a 

| 8 . 9 2 
and * 
be any = 5 | 

my Line paſſing _ | 1 * 

through the Point O; then I _ TE Sum of the 22 


menta of the Particles on each Side of RS will, ae, be 


ual, For, if from two Points, in any Ordinate MQ, 


equaliy diſtant from the middle Point N, two Perpendicu- 
lars r. and us be let fall upon RS, the Efficacy of thoſe 
twoPoints, i in ref; cred wa will de ren reſented by mr+ ns, 


r its Equal 2N (ſuppoſing NH alto perpendicular to 
RS.) Whence the Efficac of all the Particles in 55 
will be 18 by their Number multiplied b 
or by MQ x NH: Which is to their Efficacy Go 2 
ON) when referred to the Line EF, in the conſtant. 


| Rox of NH to ON, or of the "She of the Angle 


N to Radius. Whence it is evident that the Force 
'of all the Ordinates (or the whole Curve) i in the former 
Caſe, muſt be to that in the latter, in the "fame Ratio: 
But the ſaid Force; in the one Cale; is equal to nothing 
by Hypotheſis, therefore it muſt be likewiſe ſo in the 


"other: Arid conſequently. the Sum of the Momenta of 


the Particles, on each Side of RS, equal to each other. 
uch after the ſame manner the thing may de proved, 


in a Solid: Whence it will appear that there is actually 
ſuch. a (fixed) Point in à Body as the Center of Gr 


is defined to be: Which, e eren evident from mecha- 


ical: Conſiderations, is not fo eaſ, 1e demonſtrate, geo- 


metrically, from the Reſolution of Forces. 
P , 7 R O- 
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| PROPOSITION I. 
167. To determing the Center as pn 
The Center of Percuſſion is that Point; in the Axis of 


„ fo as to 
reſt thereon in de as it oy without an * 
the Center of Supe \ * 


Suſpenſion of a vibrating (or — Body, at which 
it may be outs by an immoveable 


| 1 0 K 

Point of wg 

ſion, G the Center 
of Gravity, and 
SLM a Section of 
the Body, by the 

Plane el the 
Axis of Suſpenſion 

Os performs its 


Motions 1 to which Sefton 11 all the Particles of the 


Body be 9 Wi be transferred in ſuch . — 
— they wou projected into (oritbograpbica 
by Lines parallel to the Axia of 544660 v 1125 2 
fition will neither affect the Place of the Center of G 
yo nor the angular Motion of the Body. 

ince the angular Velocity of any Particle P is as the 


_ Diſtance, or Radius, OP, its Force in the Direction, 


PB, perpendicular to OP, will be expreſſed by P x OP. 


"Therefore the Efficacy of that Force 17 the 25% © 


B, in the perpendicular Direction ſuppo 


Axis ſtopt at C the Center of Percuffion will be Sx 


org whoſe Power to turn . 
Point C is therefor 2 PxOP * OF * * DES 5 * 


2 13 


or x BC op- N= „.- e 


or „ 
—PxOP*; which, if PQ. be —— 
5 

5 | 5 N N. 


in finding the Centers of oi &c. 


Os, will at laſt (becauſe Sg = = 09). be reduces to 


PxOQx OC—Px OP*. By the very ſame Argument, 
the Force of any other Particle P will be denoted by 
| Px OQx OC—PxOP &c. Ee. But, as all theſe 


Forces muſt deſtroy one another (by the Nature of tha 


| ee the Sum of all the Quantities Px OQ x OC, 
| PxOQ x OC, &c, muſt therefore be'= the Sum of all 
the Quantities P x N Px OP! e. and u 
\PxOP-+PxOP+ &e, Oc, 


oc „ But (by e 


Px OQ+Px OQ + er. G. 


preceding TOE). the Sum of all the Quantities 


PxO ual to OG x by the Con- 
tent 465 22 "Therefore oc in e 5 


Px 3 2 ke. 


LEES OG x Toh,” ET < 
| : The. ſame otherwiſe, © © 
Since wow of the Particle P, in the 8 


| mee KB, * e! by P x OB 8. or its gens 


5 . 


06 San of 41 the Quantidie PxOQ, 

Wo Oc. will expreſs the Force which, . 1 pe: 
peadicutar OY „is ae 0 — ſtop th 
Center ug an 

This” Ines, choretoe „ drawn into 80 755 


the faid Force to turn the Body about the Point O. 
he Foroy of tha Particle P. in the Direction BN 


rd a lane o tum. the Body about the une 


© i 
* ; p 
Fe jor We, fc.) is as the —4 


11 n > 


212 e Le of 'FLuxrons 
| | Point (the contrary way) is as Px OP*; and conſe- 
| quently the Efficacy of all * Particles as the Sum of 


At the 8 PxOP?, or. Ec. c. Therefore 


8 Not Se: = = - PxOP4+B,OP + .. the 


n 5 4 85 before. 2 I alt VIS 21 
| l 
' Por the Center of Oc, it i be requitet to 
1 3 ts A 
X „LE M "i A 


1 82. Suppoſe two. exceeding. - ſmall... kak c and P, 
ing on each other by means. of "an-inflexible Line 11. 
Wire PC) to vibrate in a vertical Plane ROPC 
about the Center O;; it is required to determine bew much 
\ the Motion of the one is of fed by the other. : 

R. M. | ae 0 1 Let CH and PQ be per- 

* . 7 pendicular to this horizontal 
e 
CS be ndicular to 

RE und OC. reſpeQively. 

. If the Force of Gravity 

N g al be denoted by Unity, the 
5 9 Forces acting in the Di- 

Os - ow N N rections CS and PB, where- 

by the Weights, in their 

Deſcent, ate: necplarated, will, accorging 1 15 N 


lation of Forces, be. repreſented * „ S0 G and. BE 


reove „ſince the Velocities are 8 in the Ratio 
of the Radii OC and OP; if the - foreſaid Forces were 
to be in chat Ratio, or that of P was to become 86 


&.. © "75 2 FE HASP' hate OC, 
5 8c N 88. HAN in that Cafe, it 21 


ny the Weights would continue. their Motion Tick. 
out 


—_— 


— — — 


| 
| 
[ 
| 
| 


preſſed by F x G 


in finding the Centers of Gravity, &c 


out affecting each Other, or actin 3 85 all on the Line 
of Communication PC ( or. PB), Whence, the Exceſs 


of 8 above. | * muſt. be the accelerative 


Force whereby the Weight P act upon the Line (or 
Wire) OC, n a PB; which var af by 


HN OF 


the Weight P gives Pp X 2 0 for the 5 ; 
| ſalute Force in that Direction: Which therefore, i in the 


perpendicular DireQion NB, is. P % Op — c= | 
X 855 whereof the Part ding upan C, being to 


the Whole as OB to OC, is N defined by PX 


92 on X OP* | 
OC TT. AE 3 2 
If p be ſuppoſed to at upon by means of PC (in- 


ſtead of PB) the Coneldſion will be no way different: 


F or, let F. (to ſhorten the Operation) be put to denate 


the Force (Px EB 7 * RIS An in the Direction 
PB, found above; then thn Action thereof upon- Pe 


(according to the wrong of Mechanics) will be * 
which therefore in the bi 5 


Radius 


rection SC, perpendicular to OC, i is * * 7 
$. 50. 8. PCO. S. CO 0b 


7 om bf. ps 


2 


= /Tf-CPB © 8.0 n r Sf * 5 | 


I . * £ Ls 8 
* 44 1 as as 
* . mY - 3 a t [3 4 <> a WES 8 
* 6 d 4 © > Þ s 
/ * . N 
1 . „ K PI 1 ” 
12 A » * — 
* = ' 1 
: ; P 2 : „ . Is V 33 
* * * * 
3 ; ; - 
- p _— * > of 
7 * * $$ $4 4.42 k. £7 1 3 
> 4 ; 7 
« od . , _— a 7 i 
o — 
U 1 8 
o 7 N * 1 
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Tue Uſe of Eioxtons. | » 
net PROPOSITION II. 
183. 2 determine the Center of Oftillation of a a 


The Center of Oſcillation is that Point, in the Axis 
(or Line) of Suſpenſion of a vibrating Body, into which 
if the whole Body was contracted, the angular Velocity 
and the Time of Vibration world remain unaltered. 


= = 
. *. 2 
2 /Q 2 
1 
D 
. 
Let LMS be» ation of the Body by» Plz, per 
pendicular to the Horizon and the A C Moden, 


g thro' the Center of Gravity G and the Point of 
penſion O ; and ſuppoſe all the Particles of the Body 

to be transferred to this Section, in ſuch Places of it, as 
they would be projected into 1. erthagraphically) by Per- 
pendiculars falling thereon. (Which Suppoſition will no 
way affect the Concluſion, the angular Motion conti- 
nuing the ſame.) Moreover let C be the Center of Ofcil». 
lation, or that Point in the Axis OS where a Particle 
of Matter (or a ſmall Weight) may be placed fo as ta 
be neither accelerated nor — ed by by the Action of = 


other Particles of Matter ſituate in the Plane. 


if, from C and any other Point P in the Plane LMS. 


two Perpendiculars CH and PQ be let fall upon the ho- 


rizontal Line OR, the Force of a Particle (or Weight) 
at P to accelerate the 7 at C, will ( * 


fo. the foregoing Lemma ) be repreſented by PN 


a Quantities Fx 


1 aut the Centers of Grevity, be 


4 


88 — . 


pendicular to OR, will alſo be expreſſed by N * 


S ite Equal P * 


O Q x OG x OC— ON x OP: | 
0 „ i de en n. 


manner the Force of any other Particle F will be re- 


2 O Q ON 
preſented by P. ** —— 0 5 = 
Se. Ge © e N | 

Therefore the Forces of at the Particles de- 


ſtroying each other (by = | 
xOQ x C ON x OP" 


+ PxOG x doe aan on, Gre. c. muſt be 


* to N Whence P * OG x ON OC 95 5 


Px OG Ox o ere. Ec. = N 
N 


PX ON x OP* toe. 2 and conſequently OC = = og x 


PxOP"+PxOP +8, But 6% art. 172. and 172. ) the 


Px0Q+PxOQ+&e — | 


Sum of all the Quantities Px og pal od i is 3 
to the Content of the Body multi lied by the Diſtance 


(ON) of the Center of Gravity C from The 1 * 


W whence OC eue = oy * 


Which amen continuing the fame i inal x FP 


34. dba 


20 Which, ſuppoſing ON per- 
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\ The Uſe of. FLvxions: + 


tions of the Axis OS, the Point C,, Aus determined. is 

a fixed Point, agreeable to the Definition; and appears 

wo wg ſame with the ene of Percuſſion 5 Mts 
1 18 501 


Conokranv. = We, 5 Rs 


PEE 6. 


184. If PD; BB. Se er 2 2 6058. Ns 
merator of the F ration found above, will” become Px X 


+ Þ X 06+ GP'+ 4 200 N * 


Pry + 8 Se. 1. Op- = 06'+GP'— 200K 


GD _ Which, becauſe all the n F | 


xGD+P x 20G xGD ec. or Px—GD+P xGD TA 
(by the Nature of the Center of Gravity) deſtroy one : 


another, will be barely. = P * * + P * 


0G*+GF? F Ge. Be, = P+Þ+ &c, x OG* + Px 


| GP +PxGP + Oc. = Meſs * 08. + PxGP* + 


PxGP* + Sc. Whence it is evident that Oc Is, alſo, 
_ Maſs X OG, 4 P x GP +PxGP: + Ec. e 

5 ap x. O N 

* 00. — — Eh * = Fr and conequnt | 

8 reg we: er. . | 

Wo Moſs Bea 


- Whence it appears that, i a Body'be:turned ak its 
Center of Gravity, in a Direction, perpendicular to the © 
Axis of the Motion, the Place of the Center of Oſcillation 
will main unaltered; becauſe the Quantities P x GP*; 


PGF are no x. 18 by ſuch a Motion of the 
2p It 


\ 


© 


in finding the Centers of Gravity, &c. 


| Tt alfo appears that the Diftance of the Center of Gra- 
vity from that Oſcillatiom (if the Plane of the Body's 


Motion remains unalter'd) will he reciprocally as the Di- 


flance'ef the former from the Point of Suſpenſion. There 


fore, if that Diſtance be found when the Point of Suſpen- 
fan LA the Vertex, or 4 poſited, that the Operation may 
become the moſt ſimple, the Value thereof in any other pro- 


poſed Poſition of that Point will likewiſe be given, by one. 


ſingle Proportion. | 


185. But now, to ſhew how theſe Concluſions may 
be reduced to Practice, we muſt firſt of all obſerve, that 
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the Product of any Particle of the Body by the Square f | 
1 


itt Diſtance fram the Axis of Motion is (here) called 


Force thereof (its Efficacy to turn the Body about the 


ſaid Axis being in that Ratio.) According to which, 


and the firſt general Value of OC, it appears _— - 


the Sum of all the Forces be divided by the Product of f 


Body into the Diſtance of the Center of Gravity from the 


Point of Suſpenſion, the Quotient thence ariſing will give 


the Diſtance of the Center of Percuſſion, or Oſcillation from 


the ſaid Point of Suſpenſwn. 


he Manner of computing the Diviſor has been al- 


ready explained; it' remains therefore to ſhew how the 
Sum of all the Forces in the Numerator may be col- 
lected: Which will admit of ſeveral Caſes, Wherein, 
to avoid a Multiplicity of Words, I ſhall always expreſs 
the Diſtance of the Center of Gravity. from the Point 
of Suſpenſion by g, and the Diſtance of the Center of 
Percuſſion, or Oſcillation, from the ſame Point, by C. 
186. Caſe 1. Let OS be a Line ſuſpended at one+ 
JJ —£a JE iow 


Then, if the Part OP (conſidered l vie 


noted by x, the Force of & Particles, at P, will (a 


above) be defined by & x : Whoſe Fluent (1 x?) 

therefore expreſſes the Force of all the Particles in OP 
(or the Sum of all the Products, under each Particle, 
and the Square of its Diſtance from O the Point of 


Suſpenſion, This Quantity therefore (when æ be- 
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TO comes = OS) being divided by OSx 20S 
_ * (according to the a | ule or Ob- 
AP s 1 DJ 5 1 5 
JP ſervation) we get (x d =}).2 Os 
Rs ee ee 
for the Value of C, the true Diſtance of 
61 the Center of Ofcillation (or Percuflion) 


from the Point of Suſpenſion. 
L ; 
S + 


oer Lo AB te bs 2 arg 
- Plane, having its two Extremes A and B equally diftant 


from the Point of Suſpenſion WO. 
A | © cular to AB) be put 
1 2 5 | Ta, and GP = x, the 
FN Force of + Particles 
N at P, will be denoted 
25 d, Ax 
Fs 12 OP: Whoſe Flu- 
/ 6 v\," ns divided by as 
| F= yy x . B * PG X OG) gives 
„„ 1 6 (=E=*) « 4 
LY. | ax | 
3 LY 
Wen | 2 BG* GY d . — 
* OG +206 = C, when x becomes = GB. 


188. Caſe 3. Let APS be 4 Cireli, wibrating m a 
vertical Plane. Let PQ be any Diameter thereof ; then 
OP® O being = 20G*-+ aG, the Sum of the 
Forces of two Particles at P and Q. (putting OG 
= a, and AG = r) vill de = FN; whence it is 
evident that the Sum of the Forces of all the Particles, 


in the whole Periphery, will be expreſſed by their Num- 


ber xa*+r*, or by c TF x Periph. APSQ; WI, 
7 5 1 


"ci 


\ 


i ending the Centers of Gravity, Kc. 


|  APSQ, and a x Circle AP 
reſpeRively * » we Log: have 


Diameter of the Cir-- 2 
cle which is allel R — k 


| 8 Re jane parallel 


OI let be —_ 


if 5 be put = = 3-141 Ce. will: 
be = @*+r* x 25 = 2patr 
+ 2pr?, Hence the Force _ > i 
the Circle itſelf is alſo g | 

being = Fluent of 2pa*r + rb apr 
* pa** + = 2445 
x Circle APSQ. Now, if the 
two Expreffions thus found 


be divided by a x 458 | 
Q 


7 * 


Values of C. 


189. Caſe 4. Let AHBE be a Circ leine its N 


(akvays) perpendicular to the Aris of gelen, OG, 
Let AGB be that 


the A Mo- 
= : be An oo ES. 


10 KB and RS; whoſe 1 
Diſtance, GP, from. 
the Center of the 5 ; 


x 7 panting OG 


Then, by the Nururo of = Clicks BP = v/v. 27 


whoſe Diſtance OP, from the Axis of Motion RS, is 


alfo given = vw r Hence it appears that the 


Force of all the Particles in the Line EF (defined in 
Art. 85.) will be repreſented by o* 4. Te x 2Vr*<T - 


Therefore + x a* +x* x 2V = is the” Fluxi 
the Force of the Plane ABFE ; whoſe Fluent (when 


| Tm * 
+ 7 2 + 2 > for the s care 


1 NN nn, I 


220. 


The De ef Fruxio uss 
x=r)is= a* Þ Z 7* Area AEFBG; ichs if Mi 


be put for the he Area of the Circle whoſe Radius 1 


will be = 4 +57 2 4 pr*; whereof the Double (pa 

+ x pr) is the Force of the whole Circle A 

whoſe F luxion 2þarr + pr (ſuppoſing rvariable) — 
divided ” r , we likewiſe get. ap ( +51. 
x Perip AEFH) for the Force of the PFeriphery 
AEFH. But the Center of Gravity, whether we re- 
gard the Circle itſelf or its Periphery, is in the Center 
of the Circle; therefore the Diſtance of the Center of 


Oſcillation from the Point of . n will HOY" 
two Caſes be exhibited bys + . and a . ae _ 


ſpectively. 


If the Circle, 168 4 being neee to GO, 
either coincides, or makes a given Angle with it, the 


Value of C will come out exactly the ſame; provided 


the Diameter AB ſtill continues parallel to the Axis of 
Motion RS: This appears from Art. 451. th may be, 
otherwiſe, very eaſily demonſtrated. 5 


190. Caſe 5. Let the Fi Figure pr 7 * 4a * + AEF; | 
moving ( flat-ways, as it were) ſo that the Plane 4e 
ſeribed by the Axis OS may be l ende. to that 
of the Curve. | 


-Q_ Here, — AP =, PN =; | 


1 


. AN g, OA d, OG g, and 
8 = AG=a, the, Force of the Par- 
A. 1 ticles in MN will be defined by 


2 X . Therefore the 


Fluent of | 2y# d will be 
as the whole Force of the Plane 
NAM (or AEF, when & = 
*. 2 and >" 5 8 
T7 Potts * 


$ n 
SI HOGG SIS, 
7 7 


in finding the Centers of Gravity, &c. 
fore, when the Point of Suſpenſion i is in the Vertex A, 


- 
” ha 


will become Cc = oc 5 Let this Value be de- Ep 
a noted b' 3 then, aa Bie of the Centers of Gra- | 


vity anc | Oſcillation being v—a, we have (by Art. 184.) 
2: a tt er a . the Diſtance: of the fame 
Centers, when! the Point of Sulpenſion is at C at 0, and con- 
ſoquently'C, in that Case, f . L931 "Which 


F orm will be found more commodious than. we fore- | 


going in moſt Caſes.” © 


After the ſame Manner the. Value of C, with, reſpect £ 


of t the Arch AEF, will appear to be = = Flu, d+ x}* X's 
. 2 E e C | \ Flu. d+%- X 4 
a + ax 35, tapping v = == = I 
pes 


— 2. - 


It may not be i improper to give an Example or * 
of the Uſe of the foregoing Theorems. 
191. Let therefore ” EI 
iſoſceles Triangle: In which Caſe AP (x) and PN ( 50 


being i a conſtant Rang we have 4 = = (ſuppoſing 


$F=3 and A nene 0 = A TEA" x 36 x2) 
[fas TY 2 Au. d X e 
— Flu d a E — 


F be, firſt, confideri* as an 


2 + Sar 2 or (acoring to the 6 ok Form) | 


- 64+ 4x 


un 4 


48 2 K 7H by — — 4 2 . 


C4 , i 
k - n * . - 
$7 4 * j as 4 4 + © 1 *..4 * J 1 . E: > + a 7 
1 1 , 5 . 1 5 . 
47 6 2 Þ 4 is "26 4 9 * 1 = = > 4 * .< — . ” 
4 , i 1 4 «+ W.-4 5 — 
W. 4 * p * * 
* 1 ” 4 , . 
» * , 7. » <4 * 7 
* 4 1 4 * i 4 
> - N * * . * 


_ * gee Flu 1s TE ==, and 4 in been to 


— — ÜôaAa . 


*Art. 175. be = 37 we have C(=e + aw aa. 2 2 3 
5 we att 


TH where g ( =d+0) 4 1 2 2. 


Again, becauſe à and & are in E conſtant ane we 
alſo have Sir Fla. Lx _ Pla TEA x 


Fl. AT K 2 776 xs Nu. d 9 8 
l ; whence the Center of Oſcillation of 
the Lines EH and AF is given. 


192. For a ſecond Example, let EAP b be l 2 
| Parabola of any Kind, whoſe Equation i is 7 


c 221 


Then — to Form 2.) we ſhall firſt ak v (a 


, 
Flu. yr Flu. x. zr 
W) = e e, Whency 


1 Arts 176. deen .. E 5 


42 
At * * 1 ＋ I N 2 
— here — — . 
27 — — hr pp, where g = d + 
| But, with reſpect to 2 of the Curve, v (= 
Eu. =» — — Ei. * — — 5 . From 
: Au. = nr £5 


: which Value (found by infinite Series, and even vis. 
. out in ſome Caſes 1) that of C will alſo be given 
193. Caſe. 6. 2 opoſed Figure be a Curve vi- 

— { 522 the 4 . 7 255 | 

of the Curue. 

| Then (by Caſe 5 the Force of all the Particles in 

the Line PN (/ce the preceding Figure) being defined 
by OP*x N FN, or d TF1 men, © 


in finding the Centers of Gravity, &c 


Notation above) we have C = — "i Trex 


Which, when the Point of Suſpenſion. is in the Vertex 


A, will become = LEE l this (ti 
rc 5 


| found) be denoted by v; then, it appears from the 
preceding Caſe, that the general Value of on., alſe, 


be repreſented by g + — | » 


In the ſame manner the Value of C, with 
reſpect to 2 Arch EAF, will be — by 


Fl. IT TY "aXY—a 
— — — ,orbyg +: , ſuppoſing v= 
Flu, # Xs „ | FI 


| 194 Example. La the Equation of the giom Curve b 


| p : 
==: . . 


c 
Hu. Os + 7c 2 * 3 2 + 2 2 X w 


= + 
„ . * GODLY. © 
Tar * gs — 
—d 72 — + XX 
e T3 _ 220+ 5. 


— x O; From which the 


bs 313 
Value of C is alſo given; and from whence it appears, 
r o, v will become = 


2 x? 
21 = — Y ==, in which Caſe the Figure 


„ : 
ill degenerate to a ReQangle : But, if # be inter- 
preted by 1, the Figure ws EAP will then be an doſes 


= riangle, 


223 
Fla. d Te x 35+ 22. "8 
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: . N : 2 b ; 
Triangle, and v = 2 42: Laſtly, if » be taken 


= z, the Curve will be the common Parabola, and v= 

ae? | N 

195. Caſe 3. Let the Figure AEF H be a Solid generated 

. by the Rotation of a Curve EA F about its Axis A8; 
ow its Baſe HH parallel to the Axis of Motion 


B c 5 It appears, from Caſe 4. 
* „ dhat the Force of all the 
5 Particles in the circular 
TP Section hb (parallel to HH) 

Al f will be expreſſed by 

5 N cas, bb, 
1 or P* x PN*+ 3 PN* x'p 
2 s being = 3.1415 Sc.) 
E which, in algebraie Terms, 
EA ie ig. 
—— - Hence we have C = 
Flu. d+x „7449 *r _. Flu 4+ x 2 422.5 
Ar. 185. Flu, n Au. a T & 
Which, therefore, when the Point of Suſpenſion is in 

| P WY, SEL 
"the Vertex A, becomes "<= ; and 


Hu. * y « 


| conſequently C = g + 7 as in the preceding 
But, with regard to the Superficies of the Solid; it 
is found, in Cofe 4. that the Force of the Particles in 
the Periphery MbN5 is expreſſed by OP + 3 PN* « 
Periph. MD Nb = d T x 20% + . 3 
| WS eas | Henee 


bu. Sh. es. 1 ©. 


by that of TT x 275. 5 - 


Surface EbAbF : W hich, putting 5 = 


in | fuding the Centers of Gravity, &c. 


Hence the Fluent of Fa x 25% Ty x 4, divided" 

Hu. d T“ x 298 + =) 
Flu. d+* X 2 © 

will give the true Value of 0 with reſpect to the gurve 

Flu. 2yx"z+ N 2 
1 


2 


is likewiſe expreſſed by g + 
196. Ex. 1. Let EAF be dw as a Cme; then, 


parting AS =}; 8 =6 and AF =, we harey = : 


Hu. IT xy rey 
—— 
= 3 and therefore C (= Fi The xs - 


_ 204+ 3ofd+12f*+ 30. 2 
= 7 and „ when * = F. But, 


with reſpect to the convex Superficies, 0 will be 2 = 


* * 


: 425 


124 +16df+6f* +3 PE 


1460+, . 


197. Ex. 2. Let EAF * Be * as a 91 
whoſe Center is 8, and Radius AS=r; in which Caſe, 


Fl 
y being = 2rx—x*, we have v (= e 3 


Flu, r Ta- 12 2 + 2 — 2 


Ni. aræ - M © 21 — r* — 5 


whence Ci is alſo given. But, when x = 2r (or the 


whole Sphere i Is taken) 22 La, Therefore a being r, | 


and g = OS, in this Caſe, we have 8 14 2 8 +. 


X-. TXT $ 


2.4 f&S 


 . Crt 


25 The U. of Fare 
Q R S 198. Caſes. Let the Fi 


9 8: ed be a Solid;. or 
3 REL 77 N Caſe, but let 
. 5 ite AG be, bre, par 
Cn ww rg to the Axis of —_— 
E : * F. 1 ORS. ; 
+. & Pe | Then, if RP (00) be 
i NE, put g. 31459 Sc = Þ, 
GC +IS>3A AP ==&c. the Force 
1 the Particles in the Ci 
. WM (parallel to = will 
MXM be exhibited by | 
F | | X B's _ * 2 72 602 
MI ö — 5 3.) Hence we have e = 


4 = 


HEA. 5 0 


Moreover, with reſpect te the Sy g 3 the Force 
of the Particles in the Periphery of the ſaid Circle MN 
1 Art. 185. fra. 2 ys + 20 t, we haye, in this Caſe, C = 


332 
x5 x a 


2 5 


7% FIN 


* "7 L BAE is Sabine of 
whoſe Radius is 1; then * r ag} „ We 


mT "= 
2 * Blu. 2 ar , +238 

C (g - 7 g x_Flu. 2rx5 — 3*® | 
8 ri — 1 — ü 
| g — xx 30r —108Xg © 
Which, when * 3 either, by r or ar, be- 


7 * 


comes = "8 Fs EY for the true Value of G, when 
5 either 


.— 


/ 


in find ing rhe Centers of Gravity, &c. 
either the Hemiſphere, or whole Sphere, is taken. But, 
with reſpect to the. Center of Oſcillation of the Super- 


ficies W we have & in this Caſe - | 


Fl. Yi 


And therefore 2 7x Pings 


3 2 . | Which, when 
"gx Flu. rs 8 8 
1 
#7, an becomes g +: . 


200. Ex. a. Let the Sa EAF be 4 Paraboleid, whſe 
* Curve is is dyed b u. E = HE. 


1 


— — 2 + Film. 4 4 2 * 


mcs. 8 2 
"=o * 2 Flu. Fy c 
2 4 3 —— — . Where, 
In+1x2gxc  qit+1x2g 


if n be taken = 0, the Figure will become a Cylinder, 
| and c 242 + 2 Hut If bo expounded by 1, the 


Figure will be 84 and C = 5 + 17 Laſtly, if 
n be taken = },. the Figure will be the Solid generated 
from the common — 


A0 
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SECTION XII. 


Of the Uſe of Fr uxioxs 12 determining 
the Motion of Bodies affected by centripetal 
Forces. „ Ts 


, BROPFOSTTION I 
201. HE Motion, or Velocity, acquired by a Body 
| freely deſcending from 7765 by the Force 7 
0 


an uniform Gravity, is proportional to the Time of its 


Deſcent ; and the Space gone over, as the Square of that 


: Time. 


The firſt Part of the Propoſition is almoſt felf-evi- - 
dent : For, fince any Motion is proportional to the Force 
by which it is generated, that generated by the Force 
of an uniform Gravity muſt be as the Time of Deſcent ; _ 
becauſe the whole Effect of ſuch a Force, acting equally 


every Inſtant, is as that Time. 


A Let, now, the Velocity acquired 
. during a Deſcent of "one Second of 
| + © Time, be ſuch as would carry the Body 
24 5 uniformly over any Diſtanee 5 in one 
Second; and let AB (x) denote the Di- 
N ſtance deſcended in any propoſed Time 
t; which Time let be denoted by P; 
making BBA and Qq f: Then it 


T | , will be, as 1:7 : 5: (hi) the Diſtance 
1 


21 | 0 s that would be uniformly deſcribed in 1, 
i F 2 ; 8 


with the Velocity at B: Alſo 1 if ts 
the ſaid Diſtance (bz) to bit 4 ®, 
By taking the Fluent whereof we get 
8 202 


in Centripetal Forces. 


33}f=x.- Therefore the Diſtance "deſcended (2%) is 


as the Square of the Time. $2155 9; 

+ Otherwiſe, without Flurionn. 
Conceive the Time, (PO) of falling thro' AB to be 

divided into an indefinite Number of very ſmall equal 


Particles, repreſented, each, by m; and let the Diſtance 


deſcended in the firſt of them be Ac, in the ſecond cd, 


in the third d, &c. c. Then, the Velocity being al- 
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ways as the Time from the Beginning of the Deſcent, 


it will in the Middle of the firſt of the ſaid Partieles be 


defined by 4 n; in the Middle of the ſecond by 1 my 


in the Middle of the third by 2 4 m, &c. Cc. But, 
ſince the Velocity at the Middle of any Particle of 
Time, is a Mean between thoſe at the two Extremes, 


or betwixt any other two equally remote from it, the 


correſponding Particle of the Diſtance AB may, there- 
fore, be conſidered as deſcribed by that mean Velocity. 


And ſo, the Spaces Ac, cd, de, ef, &c. deſcribed in equal 


Times, being reſpectiyely as the ſaid mean Celerities 2 , 


1.5m, 22 m, 34m, &c. it follows, by Addition, that 


the Diſtances, Ac, Ad, Ac, Af, &c. gone over from 


4m om 16m, 


| RE 2 m 
the Beginning, are to one another as . 


2 
c. or I, 4, 9, 16, 25, Sc. that is, as the Squares of 
the Thi 8 = 40 
22 «N | COROLLARY 1. : 
202. Since the Diſtance that might be uniformly run 
over in one Second, with the Velocity at B, is ex- 


preſſed by it, the Diſtance that might be deſcribed with. 


the ſame Velocity in the Time t will therefore be ex- 
pane 87 Xt, or bt*: Whence it appears, that the 
Space AB (2 b#*) thro* which the Body falls in any 
given Time t, is juſt the half of that which would be 
2 deſcribed with the Celerity at B, in the ſame 
ime. : 2 | ht I's 4 by: Fi a . 
Therefore, ſince it is found from Experiment, that a 


Body near the Earth's Surface (where the Gravity may 


Q3 
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be taken as uniform) deſcends. about 161% Feet in the 
firſt Second, it follows that the Value of 3 (is in this 
Caſe) K 161r = 32: And conſequently the Number 
of Feet deſcended in f Seconds, equal to 101K. 


| Coroliany 2. 


203. It is evident, whatever Force the Bady dee 
cends by, the Value of ö will always be as that Force; 
Gnce a double Force, in the ſame time, generates 4 
double Velocity; a treble Force, a treble Velocity, . 


 Thereſare, ſeeing our Equation r &, alſo gives.i= 


E 


V 73 and! = g, it follow, =» | 
1. That the Diſtance deſcended is, univerſally, E 
the Force and the Square of the Time canjunMy.' _ 


2. That the Time is always as the Square-root of the 


Diſtance applied to the Force. 


3. And that the Force is as the Diftanee appt) to 
the Square of the Time-—— What is above demonſtrated 
with reſpe& to the Times, holds alſo in the Velocities, 


| Phea the accelerating Forces are equal. * _ 


PROPOSITION IL 


A 2004. To determine the Velcity, 
* and Time of Deſcent, of a Body 
IE along an inclined Plane AC. 


From any, Point F, in AC, 
draw FE perpendicular to the ver- 
teal Line AD, and make FB and 
D perpendiculartoAC, meeting 
AD in B and D. Becauſe (by 
the Principles of Mechanics) the 
Force of Gravity in the Direction 
CF, whereby the Body is made to 
deſcend along the Plane, is to tha 
abſolute Force thereof, as AF to 


wy 


in Centripetal Fortes. 


(AB, br . AC te AD; NN rt. 203.0 
the ces defte mes ute as the 
Forces, it follows wad the Nay of Deſcent 1580 AF 


will be equal to the Time of the 8 Deſeent 
me 5 


12 AB: And coniſeq ny the of Deſcent thro 
C equal to that thto' AD; which is given by Prop. 1. 
Moreover, becaufe the Velocities at F and B Acquired 
in equal Times, are as the F _ or wy to A 
and it appears from Prop. 1. that the Veloeity 
P as VAE VAB, or as 
(SAF): 2 = AB) it fol- 
Equity, that the Celerity at F is equal tb 


og . — which is n given, 7 ho Ei. | 
hs 2 . 3 


F 


zog. Hence the Time of Deſcent flat the Cod | 


AC of a Semi-circte ACD is equal to the Time of De- 


ſcent along the vertical Diameter AD: And, if the Chord 
DG be of the fame h with AC (its Inclitation a 


the Horizon being alſo the ſame) the Time of Deſcent 


Brus it will. alſo de equal to that along the ä 
iameter. 


| PROPOSITION III. 


206. J » from two Points 
A and equally remote 
from the Center of Attrac- 
th ©, two Buer muve,- 
youth 2 Celerities, the 

w the Rightiline 
AO, ht the * in a. Curus- 

4 DBA, cat 2. 
4 0 equa ances 
_ om "the Gann will be 


„ | 

any two ſuch Diſtances; 

let te _ BE de de- 
"I. 


2 | 


2 
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Te Ufe of Fruxlio!as 
ſcribed, from the Center C, and alſo eb, indefinitely | 
near to it, cutting CB in a Let the centripetal Force 


at the Diſtance of CB, or CE, be repreſented by J, and 


the Yelocky a B B, by v. 
By the Reſolution of Forces, the Efficacy of the | 
Force () in the Direction Bb, whereby the Velocity | 


of the Body i is accelerated, will be F 25 * f: Alſo the | 
Time of moving over Bb ( being as — 3 \apply'd 


to the Velocity)'i is repreſented 3 Bs - Therefore the 
Increaſe of Velocity, in moving hot Bz, being as the 
Force and Time conjunctly, will be defined by gy x xf 


B 
* . or its Equal ＋ * V. In the ſame Manner, 


the Velocny at E being denoted by w, the Time of 
ann thro' Ee will be ORG * 5 and the Ve. 


Jocity 3 in 0 Time by =, 7. Which is tothat 
(= * f) acquired in falling thro' the Arch BB, as 
= to =, Therefore, n the comeſponding Incre- 


ments of Velocity are al ways, reciprocally, as the Ve- 
locities themſelves, it is manifeſt, if thoſe Velocites are 
equal, in any two correſponding Poſitions of the Bodies, 
they will be fo in all others, being always increaſed 


alike. But they are equal at 1 1 'by uppoſition: 
Therefore, Se. 2. . D. 


PROPOSITION: TV. 


207, To find the Ratia of the Velacities, and Times of 


Deſcent, of Bodies, in Curves; the Foree of * 

Being conſidered as uniform. 
Let ARD repreſent a Curve of any Kind, Ding 
which a Body deſcends, by 2 Force of its own Gra- 
vity 


bl 


in Centripetal Farces. 


vity from A; let AC, RB, &c. be parallel, and. CD 
perpendicular, to the-Horizon ; moreover, let Ru touch 
the Curve at R; and let CB =, AR = w, and 
R = w#. ix -9 17 
Since the Points B 3 = 
and R (as well as C A = C 
and A) may be dei. 
upon as equally re- Rx e 
mote from the Earth's 
Center (to which the 


* 


Gravitation tends), tze N 
Velocity acquired in N 
deſcending thro the _—_— 
Arch AR will (by the REESE D 
laft Propofition ) be 


equal to that acquired by falling freely through the 
Right-line CB; which laſt Velocity (by — is 
always as /CB (or u*). Therefore the Celerity, 
"whether. the Body moves in a Right-line, or a Curve, 
is always in the ſubduplicate Ratio of the perpendicular 
Deſcent ; and ſo, the Time in which R (wv) would be 
uniformly deſcribed, with that Celerity, will be univer- 
 Gally 2s = ; whoſe Fluent is as the Time of falling 

through AR. + -» DEL 
208. Let the Curve ARD be any Portion of the 
common Cycloid ; whereof the Vertex is D and Axis 


DC; and whoſe Nature (putting DC g, and the Ray 
of Curvature at D = a) is defined by the Equation 22 


x DB=DR*. Here, we have DR (SM VBB) 

= ' a n 7 N ds T1 8 4 

= V/2a x c—u|* ; - whoſe. Fluxion— / 22 -x 
1 — 24 2 a 5 7 

| — with a contrary Sign, is the Value of Ra or ; 
eee e c e 


- and 


- Uk of Prozrons 


| Herefore = =I er Whoſe Fioent, 


1 * 

at the loweſt Point D, where u becomes = Sec, will (hy 
I 

be 142.) be equal to 7a multiplied by () 


half the Meaſure of the Periphery of the 0 whoſe 
Diameter is Unity. Which Fluent (and conſequently 
the Time of Deſcent) will therefore continue og 1 


let the Arch DA be what it will. 
PROPOSITION v. 
To determine the Paths of Prijediles ar. the 
arth's = acc; ( * the 88 ihe 
wm | 


4 Les Body be pro- 
C jected from the Point 
A, in the Direction 
| „ of the Line AC, with 
8 | a Velocity fufficient 
b carry it * N 


. let the Space through 
1 5 which it would freely 
0 | deſcend, by its own 


: 3 Gravity, i in that time 
& . de denoted by b; alſo 


N — of Elevation 
(to the Radius 


H 5 II wy by put = , its 
Co- ſine = c, and the Diſtance: of the Point A from the 
Ordinate Hm (conſidered as moving parallel to itſelf 
| along with the Body) ; then, by Trig. HG (per- 


| pendicular wAB) will be= E and AG . 


Becauſe the Projectile is nth aſide, ee 
from a rectilinear þ 


ath, by the Earth's Attraction, it 


over the Diſtance 4 
in the Time 3; and 


m de the Sink of the 


muſt 


1 val FRY a 1 


. 
th a, ts -4a® x> AM 


is Contripetsl Forces. 
muſt deſcribe a Curve-line AmEmB, to which AC is a 


Tangent at the Point A: mats that Kat Aegan acting 


always in 2 Direction 2 pendicular to the Ho- 
rizon, can have no Effect upon © hoe Part of the Velocity 


with which the Body xpproackes the Line BC, para 


to Hm; therefore the Ri ht-line HG (in which the 
Body is ahways found) [on pra to — uniformly 
towards BC, the fame S 206 066-06: 


and the Diftance Gm deſcended from the T 2 AC, 


by means of the Attraction, will be the very as if 
the Body was to deſcend from Reſt along — Line GH. 


This being premiſed, it is evident, that as d : AG 


(5 f: 932 


and, ME 3 b: (Sd) the Space (Gm) | 


through which a __ * freely deſeend in that Time 


(ty Prop. 1.) 
ix Jr cn r 


Hence — IE or 2 — is a general 


Value for che Ordinate He: By putting which = o, 
we get x = 7 755 = AB = the Amplitude of the Pro- 
jection. But, by putting its Fluxion equal to nothing, 
we have x = ET ; which. ſubflituted for & in the Va- 


4 * 2 


ue of Hm gives 6556 for the Altitude DE of the Pro- 
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210. If another Body be projected, with the ame 


Celerity, in the vertical Direction AS; then, 5 becoming 
4 a? 
Sr, the Altitude of that Projection (- 


will be- 


” 
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come 88 AS; which 1 5 and Jet this Value be 
ſubſtituted in thoſe of AB and DE, and they will be- 


cons LP and. re reſpeQively. e 


ak if from pu Point Q where the ; PR of Di- 
rection AC cuts a Semi- circle deſcribed upon A8, the 
Lines SQ and Q be drawn, the latter perpendicular to 


AB, the Triangles e and * 118 1 * 


mall have | 5 
2 1151: 5 (AS) : =AQ _ 
. 


rer (AQ): 7 A = AB 3 


PROPOSITION VI. 


211. To determine the Ratio of the Forces, n Badia, 
tending to the Centers of given CO are made to re- 
volve i in the Peripberies _ | 


Let ABH and abh bs any two jake FOI 
whereof let AB and ab be ſimilar Arcs; in which, let 


the 


is» 


7 
7 
* 
f 
J 
7 
V 


"> 7 


2 
* 
R 
2 
R 


Tine $63 2505 


mn Centripetal Forces. 


the Velocities of the revolving Bodies be reſpectively as 


to v; make DBK and db parallel to the Radii AC 
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and ac, putting AC = R, ac r, and the Ratio of the 


centripetal Force in ABH to that in abb, as F to . 


It is plain, becauſe the Angles ABD and abd are ; 
equal, that the Velocities at B and 6, in the Directions 


BK and 44, with which the Bodies recede from the 
Tangents AD and ad, are to each other as the abſolute 
Celerities / and v. But. thoſe Velocities, being the 
Effects of the centripetal Forces acting in correſponding, 
ſimilar, Directions during the Times of deſcribing A 


Art. 35. 


and ab, will therefore be as the Forces themſelves when | 


and Times conjunctly. Therefore, the Times being 
| AB CO rage) 


V 


the Times are equal; but when unequal, as the Forces 


EE B Dr 
univerſally as to —3 - as 7 to = ( becauſe the 


| > eo 1 | 
Arcs AB and ab are ſimilar) we have, as Fx P : *. 


and the Conſequents by — it will be, as F: : : 


Velocities directly, and as the Radii inverſely, 
| | Otherwiſe. 


:: J: o; whence (multiplying the Antecedents by 


: =: Therefore the Forces are as the Squares of the 


Let the indefinitely little Arch AB be the Diftznce 


that the Body moves over in a given, or conſtant Par- 


ticle of Time ; and let the centripetal Force at B be 
meaſured by twice the Subtenſe or Space AE through 
which the Body is drawn from the Tangent AD in that 


Then, 


+ The Velecity which any Force, aniformly continued, ir cit |, : 
fable of generating, in a given Body, in a given Time, it the 


proper Meafare of the Intenfity of that Force *. Bas this Ve. 


 becity is itjelf meaſured by tht Space the Body would move unt. 


Art. 203, 


formly 
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Then, by the Nature of the Circle, AB* =AH x 

AE = AC x 2AE, and conſequently 2AE = >: 
Therefore, the Force is as the Square of the Velocity ap» 
| plicd to the Radius of the Circle (as before), ' 

f ts | Coxortany J. | 

| 212. Becauſe, P : f 1:55 2 =, it follows. that 

V: v:: V: V and 
000 
i pa F 

| ConoLLaky II. _— 
213. If the Ratio of the — Times be denoted 
1 to p; then the tio of the Velocities V, v = 
being as 5 to 7 we ſhall have, by Equality RF: 
LE | ; 
Vr: 5 75 
„ 


hk , Y K & A - wat wh 


3 a alſo 


Ts 
E. gp 10 
4 2 ::! 7 | 
formly over in a given Time; which Space is always the double 
of that through which the Body would freely deſcend, from Reft, 
* Art. 202, in the ſame time?. Therefore 2AE is the proper Meaſure of 
the centripetal Force, according as we have afſumed it.— 
It is true, when the Forces to be compared are all computed 
in the ſame Manner, from the Naſcent, or indefinitely ſmall 
Subrenſes of contemporaneous Ares, it matters not '<ubether 
ewe confider thoſe Subtenſes, or. their Doubles, as. the Meafares 1 
of the Forces, the Ratio being the ſame in both Caſes. But 
ewhon the Forces /o found are to be compared with others de- 
rived from a fluxional Calculus, it is abſolutely neceſſary to 
take the double Subtenſs for ils Maaſure of the Ferce. 
This Nate is injerted, that the' Learner may avoid the Errors, 
. by not properly attending is this Particulars — _ c ; = 
3 7 2 oO» 


2 mp 


eren 


in Cantripetal Forces,” 
CagoLLArY III. 


214. If the Meaſure of the Force, or the Velocity 
that might be uniformiy generated in a given Time (1) 


be expounded by any Power a* of the Radius AC (a); 


then the Diſtance through which a Body. would freely 
deſcend in the fame Time, by that Force, uniformly. 


continued, will be . expreſſed by 4 4 . - Therefore, « 


the Diſtances deſcended, by means of the fame Force, 
uniformly continued, being as the Squares of the 


Art. 202. 


Times +, it is evident, if the Time of moving through Þ Art. 20te 


AB be denoted by t, that the Diſtance AE deſcen ed 
in that Time, will be denoted by - x 2% And ſo 


wir 


| we mall have AB (V2AE x AC) = - x 2 3 | 


which being the Diſtance deſcribed by the revolving 


Body in the Time t, it follows that the Space gone over 


24 


in the given Time (1) will be a * Which, chars. 


fore, is the true Meaſure of the Celerity in this Caſe. 
The ſame. concluſion might have been derived in much 
fewer Words from Corel. 1. but, as a thorough under- 
ſtanding hereof is abſolutely neceſſary in what follows 
| hereafter, I have endeavoured to make it as plain as 


og  ConoLLany Ea: | 
215. Hence the Time of Revolution is alfo derived ; 

for it will be as a * : 3-14159 Cc. x 24 (the whole 
es "EE 14 &c, 2 


2 


' 14.” the true Meaſure of the periodic Time. c 
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216. Therefore, if = be expounded by 7, 0, — 1, 
— 2 and _ 3 ſucceſſively, then the elocity . cor- - 


reſponding will be as a, a*, 1, , and ; and 


the Time of Revolution, as 1, 4, a, af and 4“ re- 
ſpectively. . 5 r ell 


— 
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217. From the preceding Propoſition, and its ſub- 


ſequent Corollaries, the Velocity and periodic Time of 


a Body revolving in a Circle at any given Diſtance from 
the Earth's Center, by means of its own Gravity, may 


be deduced: For let d be put for the Space thro* which 
* ory Body, at the Surface of the Earth, deſcends in. 
the 


Second of Time, then 2d will be the Mea- 


ſure of the Force of Gravity at the Surface: And there- 


fore, the Radius of the Earth being denoted by v, the 
Velocity, per Second, in a Circle at its Surface, will be 
3 3.141 50 Cc. x ar 


= 3.14150 C. x Wa (Seconds); which two Ex- 


preſſions, becauſe r is = 21000000 Feet and d=16,, 
will therefore be nearly equal to 26000 Feet and 5075 

Seconds, reſpectively. Let R be now put for the Radius 
of any other Circle deſeribed by a Projectile about the 
Earth's Center: Then, becauſe the Force of Gravitation 
above the Surface is known to vary according to the 


y/2rd; and the Time of Revolution = 


Square of the Diſtance inverſely, we have (by Caſe 4. 
cel. 5.) : RF (26000) the Velocity (per 


Second) at che Surface, to 26000 x N, F, the Ve. 


ii Centripetal Porcei, 


locity in the Cirele whoſe Radius is R. And pt 25 R 7 


2: (5075 ') the periodic Time at the Surface: to 5075 x 
* of the Time of Revolution in the Circle R. 
Which, if E be aſſumed equal to (60r;) the Diſtance of 


| | 8. 5 
the Moon from the Earth, will give 2 60000, or 2723 


nearly, for the periodic Time at that Diſtance. | 
In like fort the Ratio of the Forces of Gravitation 
of the Moon, towards the Sun and Earth, may be com- 
puted. For, the centrifugal Forces in Circles, being 
univerſally as the Radii apply'd to the Squares of the 


Times of Revolution, it will bes (ED) the 


Semi-diameter of the Magnus Orbis divided by the Square 


of one Year (the periodie Time of the Earth and Moon 


about the Sun) is to (240000 * 178) the Diſtance of 


| the Moon from the Earth divided by 178 the Square 


of the periodic Time of the Moon about the Earth, fo 
is 1,9, to f nearly; and ſo is the Gravitation of the 
2 towards the Sun to her Gravitation towards the 
Earth. ; Fae hr N 1 ; 3 
Alſo, after the ſame Manner, the centrifugal Force of 
a Body at the Equator, ariſing from the Earth's Rota- 
tion, is derived. For ſince it is found above, that 5075 
Seconds is the Time of Revolution, when the centrifugal 
Force would become equal to the Gravity, and it ap- 
ears (by Caſe 2. Corol. 2.) that the Forces, in Circles 
having the ſame Radii, are inverſely as the Squares of 


the periodic Times, we therefore have, as page. F (the 
* | > 

Square of the Number of Seconds in' (23 56) one 
whole Rotation of the Earth) to 5075)" (the 1 of 
the Number of Seconds above given) ſo is the 
5 0 viz :2 36 2:64.08 | Gravity 


e 


orce of 


. 4 
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| Gravity (which we. will denote by Unity) to 255 the «+ 
_ centrifugal, Foce of a Body at the Equator wifog from 


the Earth's Rotation. 
But, ta. de rmine, in a more general Manner, the 


Ratio of W orce of a Body revolving in any given 


„ ETSY 14 Cc. x 


8 for the Time of Revolution at the Surface of | 


the 3 when the Gravity and centrifugal Force are 
_ equal: 'Fherefore, if the ime of Revolution in any 


Circle whoſe Radius is a, be denoted by t, it follows, 
from; c 2. loft Prop. that ————: = 
E770 er. XZ N 


7: the Gravity of the Body: : to its centrifu Tots 
in that Circle; which, therefore, / is as a '29 


3. 14] 2 BD z or as 3 to 1.228 x EK very near- 


— 


hy: ns a "Sinoces the Number of Feet in the Ra- ; 
jus of the propoſed Circle, and : the Number. of Se- 


8 in one intire Revolution. 80 that, if the Length 


of a Sling, by which a Stone is whirled about, be two 
Feet, and the Time of Revolution , of a 22 the 
Force hy which the Stone endeavours to fly off, 5 will 


be to its Weight as gore nk, 


_— _ encral' ortion, t *. centrifugal tows | 
iodic Time of r a "OR 
r 82 likewiſe be deduced, | 
5 For let SR, the Leng 
Þ 'of the 5 de de- 
8 noted the 2 
CS of: - y — by c; 
Semi-diameter CR of 82 
 Bafe by a; and 22 
of Revolution by: Then, 


the Force of Gravity being 
| re- 


the Force of Gravity (1) in a Direction parallel to 8 


Mechanics, that as SC (e) to CR (g, ſo is the Weight 5 

of the Body at N, to the Force with which it acts upon 
the Thread or Wire RS ; and as 1: 4482 . | 
21 Cs (e) : CR (a) : Whence di = 3 12G: X ac, 


and . 10 Tok N T =Hõ,E,Q e nearly. Be- 


| cauſe df, ot its Equal ff 74 Felt x. aß, expreſſes the 
Space & heavy Bo y will eſcend, by its own Gravity, 
in the Time ? *, and ſince 1*; 3. II :: 20: * Art. 203. 
Z. 14 Cc] x 2c (=4t®) it therefore appears that, as 
the Square of the Diameter of any Circle, is to the 
Square of its Periphery, fo is twice the perpendicular 
Altitude of the Cone, to the Diſtance a heavy Body will 
freely deſcend in the Time of one whole Gyration of 
the NA dent let the Baſe of the Cone and the Length 
af the Pendulum be hat they will. 
PROPOSITION: Vun. 
218. To determine the Ratio of the Velbeities of Bodies de- < 
*  ſeending, er aſcending, in Right-lines, when accelerated; or 
retarded, by Forces, varying according to a given Law. 
Suppoſe a Body to move in the Right-line CH, and 
let the Force whereby it T urged towards C, or * 
| | | 2 | © 


«© 


4 
| 
| 

34 
| 
! 
| 


—— oo — — - 


. w 
. 
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be as any variable Quantity FE. Moreover, let the Ver: 
locity of the Body be repreſented ' by v; putting its 
Diſtance CD, 4 the Point Cr, and D H. 


1 1 Then, ſince the Time wherein the Space 
; FT Dd (i would be uniformly . with 


| uh - the Velocity at D, is Known to be as 5 2, the 


190 velocity that would be uniformly ks, or 
7 deftroyed, in that Time by the Force F (be- 


Ee ing as the Time 9 Force conjunAly) will 


| . —_—y be as = : Which therefore muſt 


equal to, + b, the anifvrm Increaſe or 

Dattiats's of elerity in that Time; and conſequently 

+ vw = Fa. From whence, when the Value of F 

is given in Terms of * or v, the e of v will like 
— = ond 97 HEE Eh 


N e I. e 


219. Hence, the Law of the Velocity being ven, 
that of the Force is N Lor * Fi = 222 


ut evident that F = 4 = 


Crndinay' u. 


220. „Hence, allo, the Ratio of the: Veodty at D. 
to that whereby a Body might revolve in the Periphery 
of a Circle about the — C, at the Diſtance of CD, , 
will be known: For, if this laſt Velocity be oO by 


* Art, 212. W, the Value of T will be rightly expreſſed by — — *. 


Wiener by Subſtation we Have + * = 2 or 


in enn Forces. 


© o ba * 
= 
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, — L . a Ly peach] 5 2 * p 
4 7 SM XK > Whence arte ve 7 7 
and cont y + IE ers 


i well as - the 12 of + muſt be taken 2 3 


according as the — is __ from, or OY the 
Center C. $2 


4 PROPOSITION VII. 


221. ofong a Body, let go am. given Point A-with 
4 en 5 ) A Right-lins CH, to be 

uręed, either way, in that Line, by u Force varying as 

any Power (n) of the Diflance from @ given Point C; 
to find, not only, the Relation of the Velocities, and Spares = 
gone over, but alſo the Ti mes 0 Aſcent and Deſcem.. 


| The Conſtruction of the preceding Problem being re- 


tained, F will here be expounded by a” and we hall 


therefore have v (H) = * 43 and eee 


by taking the F luent thereof, 4 7 == pary but to 


correct the Fluent EM found, C Xx be Ig = CA 


| (which we will call a) then v being = = the F nent in 
e 


that Mg will become * 7 2 
a 


14 


fors the F . aug conedel is * 21 ” 
abr nÞ1 | mr . * 


— 4 SPS 2X 
, rt 2 


1 +1 ? +4. 


— 
come out — A * 24 = 5 . : Where the 


| Signs' of v Te) ob mut be alike, hen hat "Qui 


* increaſe, or 99 at the fame, time 3 thit is, 
3 R 3 : when 


:Whenorwill * Art. 78, 


— . IH III" PAP LYSIS og en — _ 
* 0 
0 . 


| 
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Art. 220. when the Force, from C, is 2 repulſive one *; but, un- 
like, when-one ”;ncteaſes while the other decreaſes, or 
the F * _— to _ is an attractive one. 8 the or | 


mer er Cue we therefare have —— — = 5 | 
i u —— EY evi, | 
and, in the 1 * * — „ Eg 


The Value of v being thus obtained, let the required 
Time of moving over th 


by Ts. then, kince Tis „ aal = qo we bave T | 


* : 
-1 


== a to the two Ow. 


Caſes reſpeRtively : From. whence, by findings the F ruh | 


hes or load _ be known. | 2. E 
By «ag ConoiLany, 35353 
222. IC the Body pr. bon Reſt at A, e will be 
=o, and we ſhall have T=— ED aft 
V * = 5 
* FF — - 
ScnoLIv A. | 


223. A the Fluents of the Expreon given 
above cannot be exhibited, in a general Manner, nei- 
ther, in finite to T eros. nor by means of circular Ates 
and, Logarithms * in ſome of the moſt Cate 

. es 


e Space AD be now denoted 


1 Contripetal Por tes. 


Caſes that ocour in Nature, they may be obtane with | 


great Facility, 
6 - pill the Ba 


idon of ihe Time uf Deſcent along AD) i be 


by 1, o, = 2, and — 3 e the Faden ſei | 


vill. berome * % = 


W an == reſpetively ; Whentet, it 


Var — x# 

ARF be a Quadrant of a Circle whoſe Clancy is C, and 
ASC a Eau. nt ek, Diameter is AC, and DSR 
be perpendicular to AC; then it will appears | 


14 
eee 1 


* n 
the Velo) (ST 2 8 gh. 
at D will be repre= EY. : 
Fluent fought by AC 1 5 | | 
2%. That, wheh #=0, ind T ===>, the 
Videatiy' at D, and the Time of Deſcont thro' AD, will 
each be defined by V2AD. 5 
. Thaty when » =—2, and T = „ 


hs Velbelty (LEED) wi ts e 


af > 


e Td Dur hv AD, aA +DS. 


R 4 | * 4. 


1 
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4. And tht, when Ls and T = = = 7 


x — A 5 . 
* W 3 


the Velocity will be as cd an and the Time AL : 


— 


AC x DR. 5 
Hence the Time of the whole FX" thro' the Ran 


dius' AC, appears to be as Bo IN, * MAF, 
or AC.. But the Time of one whole Revolution in 


AF R. 
the r AR Ge. was found to be as RD 3 


in 3" VAC 


| 4AF * VIE _ 4AF: X AC: 3 if the Time 


of moving over the Quadrant AF be denoted by ©, it 
follows — the Time of Deſcent thro the Radius RG, 


will be ly defied by 9, 2 x * AC V2 . 2 x Vie 


or 25 * = 8. according to the foread Cats araber. 


{ $874 1 


L212 4 


224. The Areas which a revolving Body diferites, by 
Rays drawn to the Center of Force, are e 
to the Times of their PIO, 

0 e 1 Pen „ let a Bod, 
mn, C- wa «x or pu 
deſcribe the Right. 

line AB, with an 
uninterrupted uni- 
form Motion; but. 

upon its Arrival at 
B let it be impelled 
eas. the * 5, ſo thay, inſtead of proceeding | 


along 


along ABC, it may, after the Impulſe, deſctibe the 
Righs: i B.. 8 2 5 278 4 7 r 13 
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e ſos * . n 5 . 1 „1 
ecauſe the Force, acting in the Line SB, can nei- 


ther add to, nor take from, the Celerity which the Bod 


has in a Direction perpendicular to that Line, the Di- 


| ſtance of the ory 
iven Time, will | 
Foree had acted; and conſequently the Area Bes equal 


from the ſaid Line, at the end of a 


to the Area. BCS, which -would hare. been deſcribed in 


the fame time, had the Body proceeded uniformly along 


BC; becauſe Triangles, having the ſame Baſe and Al- 
titude,” are equal, - | F 

Therefore ſeeing no Impulſe, however great, can af- 

fect the Quantity of the Area deſcribed about the Center 


refore be the very e as if no 


8, in a given Time, and becauſe the Areas ASB, BSC, 


deſcribed about that Point, when no Force acts, are as 
the Baſes AB, BC, or the Times of their Deſcriptiqn, 


the Propoſition is manifeſt, | 
LD, Corollary. 


225. Hence the Ve- 
locity of a revolving 
Body, at any Point o 
or R, is inverſely as the 
Perpendicular . SP or __ 
ST, falling' from the P 
Center of Force upon 
the Tangent at that 


OE: an Jo — . 
* 
* 
* N ® — 
* 
[3 
fs * * 
* y 4 + *T+ 
y R 4 N. 2 
* . 
= * * 
. * 9 
* * 
* 


e, iet 690 "other" B 

- "S634 3&4: IE ai £5 » 7 W 8: 2» 6.2 4-4. ISS. 

Bodies mn and # be ſupd- % 15 
y from Qand R. along . . 

the Ta | ts ane 0 ii 1 WP 
RT, with Velocities re: 3 

iwely equal to thoſe. of the tevolyiag Body at Q.and 


Rz; then the Diſtances Q and Ru, gone over in t 


fame Time, will be to egeh other as thoſe. Velocities'; 
and the Areas Q3m and Ryn will be equal, being equal 
8989 | e 


„ The N of roruen. 


to theſk deſcribed by the revolving 
® Art.113, time : Whence KSP begs Rn FT) i follows 


ee sFr 


PROPOSITION Ix. 


226. 75 determine the Law of the. Sa mat 
tending to a given Point C, whereby a ty may di- 


fra gun Gow rn 


Pal. \ 
Let op be a 3 to the Curve at any V Poitit 
upon which, from the Center C, let fall the Perpendi 


cular CP; put CQ, CP=n; andlet the Velocity | 


of the Projectile at | be denoted 1 | 
- Therefore, ſince v* — A (by the d to 


Lama) it is evident, by taking the Fluxions of both 


| Quantities, that vs will alſo be as. _: But the cen- 
. ** in « Right-lins. 


E 
8 
11 
E 
u 
FP 
1 
L 
v 
Q 


r Centripetal Forces. 5 2 51 2 
ora Curr, dme I (bp r ig; e 


227. Let the Ray of Curvature OO be denoted by 
R: Then, becauſe the centripetal Forces in Cireles are 
known to be as the Squares of the Velocities directly and 

the Radii inverſely , it follows that the Force, tending * Ar-. 
to the Point O, whereby the Body might be-retained in 
its Orbit at Q, or in the Circle whoſe Radius is OO, 
will be defined by =; x N: Whence(by the Reſolution 


of Forces) it will be CP (0: CQ (5) :: 35 (We 
Force in the Direction QO) : AE the Force im the 
 Direion QC: Which, becauſe R = 2 4 will alſo t 4. 3. 


7 


ve expreſſed by Q. E. I. 
| Another We ay. : 

228. Let ng be the indefinitely ſmall Part of the 
Right-line Cg, intercepted by the Curve and the Tan- 
gent Qg, expreſſing the Effect of the centripetal Force 
in the Time of deſcribing the Area Qn. Now theſe 
Effects, or the Diſtances deſcended by means of Forces , 
uniformly continued, are known to be in the duplicate 

| Ratio of the Times 1, or of the Areas denoting thoſe Tann 
Times $: Therefore, the centripetal Force at Q, or the 5 An. 224. 
Diftance deſcended by means' thereof in-a given Time, 
will be as 14 applied to the ſecond Power of the Area 


Ni, or as c f This Expreffion 1 * ſame | 
| 1 with 
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with that given by Sir Jhaac Newton, in his Principia, 


Boot 1. Prop. 6. But, to adapt it to a fluxional Wa 
culus ; let QE be an Ordinate to the principal Axis AG; 


7 {ry hab) AE =, EQ=3;"AQ = 2, Ee (or 


= Q; upper s ( parallel to EQ) to 
—— oa urve and the Tangent in n and g. 
Since. Qq is conceived inde initely ſmall (or in its 


naſcent State) the Priangle amg may be taken as recti 
Art. 136. lineal *; alſo the Angle 1 = CQP and the Angle m = 
Q: Whence, it will de (by TRE as 5. 


c (n). :8. Qs, (e) a. wa 75 that, as f 8 LE 


4. 
: mg; 19 = ALLE A - Which ſubſtituted above 


gives DN for the Meaſure of the a 


Force at Q: — mg (ſuppoſing x to flow uniformly) is 
known to be as — 5 E Force at Q, is as 


CQ x Qt ͤ — 


"CPs Op or * Equal 2 =; where the Di- 
viſor (u) is as the Cube of (WY the  Dluxion of 


the Area AC. ee 
The very ſame RENE may likewiſe be deduced 
from that given by our ſecond Method: For, 8 ( R) 


the Ray of Curvature at Qis univerſally 28 == pr the 


Value of = # (there fours) will | here, by Subliuton 
* „ ek 


4 


his Expreſion, tho' i in | appearance les de than 
7 fiſt found, 65,4 for the e genera par more commer | 
don, in rade. | "Cos 


> % + 
F * 1 a 
A by 
1 Peg J . 
* 4 "1 *» - * 4 
$43 24 Ne 2 : 5 8 4 8 N * 
5 ; < 1 i . p 
9 ö ey 0 
> 


1 
9 5 7 ; 
* 7 . 1 15 2 
4 6 ; 9 4 A — 
"a VE Forces. 


4 
* 1 


Chest « _ A go 


220. ie the Point C be ſo remote that + lf Rig lines 
drawn from” thence to the Curve may be con der'd as 
parallel to each other, the F orce will 9 Q& 


e, to Cg) be e e as 


= ine ter in this Ouſe may be rejected 

r 
From this Expreſſion, which is general, in all Caſes 
where the Force acts in the Direction of parallel Lines, 


it appears that the Force, which hgh acting in the 


Direction of the Ordinate QE, woul retain the Body 


in des Orbit, is every where as, —= 3 becauſe 0 here 


coincides with QF, and Qr e n 
| - CoroLLaAry II. 


230. Becauſe the 2 A wt Point C, is - 


| univerſally as e (nN) the Force to any 
other Point < will, by, the ſame Argument, be as 


Mo rr Forces, to different Centers 


of x QO 
C and e (about which equal Areas are deſcribed i in the 


ſame time) are to each other i in the Ratio of an 


av 


e. Th 
N * ConoLLary III. 


* 1. Moreover, the Ratio of the Velocity at Q to 
elocity whereby.the Body might revolye ina Circle 
xd the Center at C, at theDiſtance CQ is eaſily de- 
duced from hence: For, ſince the Celerity at Q is Fat 


whereby 


8 Wie 


1 

17 

I 1 
1 


if 
1 
1 
| 

| 


—— — 


— 
o 
. 111. ... I 4 CARRIe euR ne 
A —t ys yy os ts A gn as 
* - 
* 0 
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whanby the Body might revolye in a Circle about the 
Center O, and'the Forces tending to the Centers O and 


C are to exch ocher 8. (CP). and o(C 3 it there- 
NP if the Ratio fought be a8 v to , 


| that Tg . : wu: 5 (by Art. 212.) 'Whence alſo 


vo ;w:; #xQO («R) : * 8 


The fave Proportion may a5 be Frey from chu. | 
2. Prop. 7. For it is there proved that v: w:: 


i A VE — 5 5 and it appears from above, t that — | 


| 25 I hence the whole is manifeſt. | 


8 


If OL be made 2 N. to Qc, QL will be 


CP x R | 
RD ESE, co 


fore v: w :: : * Wich is another Pro- 


| portion; of the propoſed. Celerities. 


Conotrany. IV. 


232. Laftly, the Law of centripetal K gi= 
22 55 of the Trajectory AQ may from hence 
be found ; for ſince the Force if F) is univerſally « defined 


by - 2 s, it is evident that — == will be = the Fluent 


of Fe; which, when F is given in Terms of 46 will 
become known ; and then, the Relation between. 1 and 
"MX given, the Curve itſelf is known. . 


i Contnipatal Feu. 288 
EXAMUELE I. ; 


” C AQH. be. — * 
5 * 2 2 612 Gau theres hen «. N 7 =. 


_— = 2s, we have Fee 7 NS . 
= e JE v2 x 1 1 2 bow g . 


WE, 2 S* Hence | 2 
* bes 8 


it appears that the Force is in- 
verſely as the Cube of the Di- 
Hance; and the Velocity, ev 

where, equal to that .whereby the 

| mighe revolve in a Circle at 


the ſame iſtance, 75. 
E XAMYLE . 


Let it be required, to find the Law. f the eie, 
N r Body, tending to the Focus C, 4s mas 


15 revolue in the Periphery fo an _—_ SS. 


From the other © 
| Foc ocus F draw FK 
parallel to CP meet- 

ing the Tangent Fo. 
2 Is en | 

in F, b- 
nf rapes 


Axis AB = a, the | 
> Semi-conjugat OD = 2 6, and a Parameter ( 2 


1 Then, CQ and CP being denoted 25 abore'®, Auen, 
FQ ( (=AB—CQ) =a—5; whence, by: rea- 
fon of te ale Triangles CUP ant FOR, it will ke 


Hs 


2% The Uo e Fuoxions 


S: 2: G's: hike ns But Fk * cp is 
* = OD? (bye the” Nature of the Curve.) Hence we get : 


LEES" 1% 


Des 1 4a 4 
= 8 — Lin and . 25 v = ; 


. — ? * 25 5 


whereof the Fluxion being —25 | * — » We obtain 


6 3 . 
+ Art, 231. 2 * * 
OY * e e 


* 


d Henan, it appears that the centripetl 


Force is is, in +8 Caſe, 4 Square of the Diftancs 3 18. | 
verſely ; and the Velocity at Q is to that whereby the 
Body might deſcribe a Circle at the Diſtance S. Nen. 


where, in the Ratio of F Q* to AOF, | phy 
If the Curve had been an Hyperbola; ; then = - X 
© (inflead of — * * 1 7 would have. been en, = 16, 


1 


and 0 — SEP * — PA very hw as before, 


"VE had it been a Parabel, the Equation would have 
: BZ hb a=(=2) = + Þ3 and 


F4 | 


te F. orce fil, as. —= 75 But, the Mesure of the Ve. 


toc 2 V a= ) in this Caſe becoming 


922 it {allows * the Velocity in a Parabola 
W= : pond ans the Body might deſcribe a Circle at the 
ſame Diſtanee from the Center, in ebe conſtant Ratig of 


12 2 to Unity. 


E X- 


in Centripetal Forces, 


'EXAMPLE: III. 


23 5. Let it be required to find the Law of the eentrigetal 


Force, by which a Bady, tending to am given Point C, 
in the Avis, is nnd to __ a conic Seffien ee 


2577 


Put the ſemi-tranſverſe Axis (OA) = 4, the ſemi- 


conjugate = =, and the given Diſtance of the Point 
C from the Vertex Arge: Put alſo the Abſciſſa AE, 
e x, the Ordinate EQ =y, and CQ =s (as 2 
Tube Area of the Triangle EC being (= CxEQ) 


=* — its F luxion 5 is therefore = = 


2 
which added to c, the Fluxion of the Area AEQ, 


gives 2 = == for the F clout of the whole Area 


ACQ deſcribed about the Center of Force. Whence 
(Y Art. 228.) the "Ys centripetal Force at Quill | 


— xy . 


Which Expreſſion is general, 


be 25 
N 


let the Curve be of _ Kind it will. But in the 


Caſe above, I being = C , dar E we haue 3 = 


. > 
N. 


82 , ; 


% 


5 $813 26 bet he 
 bixa+s F'=" Xx and 0 * J | 


V + a ” Eos | 


288 


— 


The Uſe of Fiuxions 
b2Xca+ax Þ+ cx 
4 V 2ax F ** 


; and cherefore, by ſubſtituting cheſo 
| „ 


Ve, wy r nn inn be ups 
r N b* x ca Na Ae 


Which, becauſe F is conſtant, will alſo be as 
2 From 3 it follows, 

19. If c be = Þ @, or the Center of Force be in 
the Center of the Section, the Force itſelf will be barely 


as (+5) the Diſtance. 


29, If it be in the Focus, then ac þ ax +.cx be- 
coming = CO a, the Force will be inverſely as the 
Square of the nce. | as 

3*. If the given Point be in the Vertex A, the Force 


Will beas EE Which therefore in the Circle (where #= 


7 2 ö f 6) ; 
—) will be as SY or the fifth Power of the Diſtanee 


reciprocall :. 


2. Lell, if the Point C be at an indefinite Diflance © 
from the Vertex, of the Force be ſuppoſed to act in 
the Direction of Lines parallel to the Axis AO; then 
the Force will be as the Cube of OE inverſely. | 

PROPOSETION X. 
236: To determine the Ratio of the Velcities of Bodich 
revolving in different Orbits about the ſame, or dif- 


ferent, Centers; the Orbits themſelves, and the Forces. 
wherehy they are diſcribed, being grven. | 


Let AQH de any Orbit, deſeribed about the Center 


of Force C, and let the Force itſelf at the principal Ver- 


tex A be denoted by F; elfo let r ſtand for the Semi- 
parameter, or the Ray of Curvature at the Vertex, and 
S | — 


LEI 


— 


n Centrepetal Forces. 
| let Cp be perpendiciilar to the Tangent N. 
8 by 


1 Then, the Celerity at A being, always; 25 . 


(by 4rt. 212.) we have CP: CA:: VrF (the Ve- 


ini . OLED, ts Vets ws Qty tt 


225.) Which anſwers in all Caſes, let the Values of AC, | 


r and F be what they will. VEL 
; CoroLLary I. | 1 
237. If che eentripetal Force be as the gquare of the 
Diftance inverſcly, or Y be expounded by . the 
Velocity at 2 will become 5 Xx V * » or 


Vi: Whence the Velocities, in different Orbits, 
about the ſame Center, are in the ſubduplicate Ratio of 
the Parameters, and the inverſe Ratio of the Perpen- 
diculars from the Center of Force to the Tangents, 


conjunctly. 
ConolLARTY II. ; 
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238. Hence, if the Celerity at Q be denoted by Q, 


and Ca be drawn; then, Qs being as Ds it follows 


that /r is as CP x Q . p as the Triangle QCg: There- 
5 1 8 2 1 


* | De 77 of FLuxIons 


fore the Areas deſcribed about a common Center of 
Force in a given Tune, are in the — Ratio of 
the Parameters. 


: | CoroLLany UI. 


239. Laſtly, ſince the Area of the Curve AQHB c. 
Art 234. when an Ellipſe &, is known to be as (AO x OD) AO x 
Vr x AO (ſuppoſing O to be the Center) if the ſame 


be apply'd to vr, exprefling the Area deſcribed in a 
given Part of Time (by the laſt Corel.) we ſhall thence 


have AO x A0, or ao? for the Meaſure of the 
Time of one whole Revolution. From whence it ap- 
rs, that the periodic Times, let the Species of the 
llipſes be what they will, are in the ſelquiplicate Ratio 
of their principal Axes. 


8 PROPOSITION 8 3 


240. The centripetal Force, tending to a given Point 2 
being as the Square of the Diſtances reciprocally, and 
the Direction and Velocity 5 a 2 at any Point 
being given; to determine the Path in which the Body 
m, and the * * in coſe it returns. 


> WY } 8 _— 


Tt is evident from Art 234- and 235, that the Tra- 
jectory AQB is a conic Section; N the Point C is 
one of the Feci. NE 14 


in Centripetal Forces. 
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Let F be the other Focus, and upon the Tan * 


PQK let fall the Perpendiculars CP and FK, and Tet 


CQ and FQ be drawn: Alſo put the ſemi-tranſverſe 


Axis AO = a, the given focal Diſtance CQ = d, and 
e of Direction CQP. (to the Ra- 


the Sine of the Angle 
dius x) m; and let the given Velocity at Q be to 
that whereby the Body might revolve in a Circle about 


the Center C, at that Diſtance, in any given Ratio of a 


to Unity: Then it will be w2 1 2: F: 40 (by 
Art. 234.) therefore a* : 1* : FQ (224): AO (a); 
| whence AO (a) is given =—< Moreover, fince 
CP=mxCQ, and FK Nj FQ, we have OD! (= 
CPxFK=m"xCQxFQ= =; whence the fe- 


mi- oonjugate Axis (OD) is given likewiſe. 


| Laſtly, it will be (by t. 239.) as CT* : AO? :: 
P) the periodic Time in any given Circle, whoſe Radlus 
3 ; R 


is CT, ( P) the required Time of one Revo- 
1 | 


lution when the Orbit is an Ellipſis; that is, whenn*is1eſs 
than 2: For, if n* be = 2, the Curve (as its Axis = 


becomes infinite) will degenerate to a Parabola; and, if 
#* be greater than 2, the Axis being negative, it is then 


an Hyperbola ; whoſe two principal Diameters are equal 


RET 2 2 amd | 
CoRoLLARY. 


241. Seeing neither the Value of AO, nor that of 


the periodic Time, is affected with m, it follows that 
the principal Axis, and the periodic Time, will remain 
„ 3 In- 
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invariable, if the Velocity at Q be 
Direction at that Point be what it will. 


| The Up of Fiuxions 


the. ſame, let the 


The ſame Solution-may likewiſe be brought out, from 


Art. 238. by full, finding the princi 


Parameter : Foa, 


it is evident that the Area deſcribed by the Body about 
the Center C, in any given Time, is to the Area de- 


ſcribed, in the ſame Tim 
ina Circle at the Diſtance 


y another Body revolving - 
as mx to Unity: Hence, 


„Art. 233, it will be 1*: :: : (m*n*d) the Semi-parameter &: 
From which (proceeding as above) we get a 
(=OD?®) =] x 26d d'; and conſequently a 5 


— — 
— 


242. The centripetal Farce being as 


25 the ſame as before. 


__ PROPOSITION XI. 


Power (n) of 


the Diflance, and the Direction and Velucity of a Body 
at any Point A being gipen, to determine the Orbit or 
Trafectory. | 


II N 
AF 


" hes 


From the Cen- | 
ter of F orce a 


to any Point B in 


the 7 Tra- 
jectory ABD, let 
CB be drawn; 


join C, A, and 


let Ab be the gi- 
ven Direction of 
the Body at the 
Point A, and 


C perpendicular 


thereto; alſo let 
the Velocity at 
A be to that 


whereby a Body - 


might deſcribe a 


Circle AEF, about the Center C, in any given Ratio 


of p to Unity; putting C Aga, and CB: Then 


be 


in Centripetal Forces, 
becauſe this laſt Velocity (the centripetal Force being as 


* (or 2) is rightly defined by 4 #6, the Velocity · Art. 214. 


of the Body at 4 will be truly expreſſed by 
Moreover, it is proved in Art. 221. and 206. that if the 
Celerity, at any given Diſtance à from the Center, be 
denoted by c, the Celerity at any other Diſtance æ will 
be truly repreſented by 2 4 24. —47.— 
. PE MS 
Whence, pa being ſubſtituted for c, we have 
6 , - SS 0 on v"-- | K 
1 3 4 — _ - for the CelerityatB. 
But now, to determine the Curve itſelf from hence, 
let BP be a Tangent to it at B, and CP perpendicular 
to BP; alfo let CB, produced, meet the Periphery of 
the Circle in E; putting the Arch AE x, the foreſaid 
Velocity at B (to ſhorten the Operation) Su, and 
Cb b Then it will be (by Art. 225.) v: c (the Ve- 


locity at A) :: 5: CP= Whence BP (= 
N = PEE, 
5 wo 
Moreover (by Art, 35.) we have, as CB: CP :: v: 
(Er x v) the Velocity of the Body at B in a Di- 


rection perpendicular to CE; and conſequently, as CB : 
CE 22 SF v (the ſaid Velocity) to Sen xe 
angular Velocity of the Point E (revolving with the 

Body.) By the ſame * the Velocity at B in > 
py 84 i- 
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- CPxCE BÞ 
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Direction 0 BE will be 9 K vs Therefore, the Ve⸗ 
locity of Din to the Velocity of B, in the ſaid Di- 
rection, as AS to Rr the Fluxions of AE (=) 


and CB (x).muſt conſequently be in that Ratio; that is, 
3 CPxCE.__. 


— —: :£:4; Whence = „ 
be h Vx 9 aber £12 


— 


3 Vito f © Val = t 


— Which Equation is general, let the 
* 8 5 
e | JJ Ft 
Law of the centripetal Force be what; it will: But in 
he Ca & „ 2+ whe 
27 5 above Fa * being = of + 7771 Xa : 
| — FT" and c = NH z it becomes = = 
55 3 32323 Sy 5 
> ER — +3 :; whoſe 
” Fo > ba ot ER 
=} . 


* Fluent is the Meaſure of the angular Motion; from 


which, when found, the Orbit may be conſtructed : 


Becauſe, when AE, or the Angle ACE is given, as 
ol 


well as CB, the Poſition of the Point B is alſo given. 
But this Value of & is indeed too complex to admit of 
a Fluent in algebraic Terms, or even by circular Ares 

and Logarithms, except in certain particular Caſes ; 

as when the Exponent u is equal to 1, — 2, — 3, or 
— 5; . beſides ſome others wherein the Values of p and 
ꝝ are related in a particular Manner. E. I. 


$ - 


12 * Porees, 


Cox An V 
243 Tf the giyen Velocity at A be fuch that * + 


28 0; MP = = r (which i is always poſſible 


when the Value of n+1 is negative) e our r will | 


become 5 = X 


ws 73 =, Ec. is reduced to æ —  — 

: | . —.— 
Whereof' the Fluent will be found (by the ſecond Part 
of this Work (equal to + 2 — . multiply'd by the Dif- 
ference of the two circular Arcs, whoſe Secants are 


- oF 
1 6 7 
lue of the Arch AE the Poſition of the Point B, in the 


Orbit, is given. 
But if the Angle of Direction CAb be a right one, 


the Fluent will become barely = A. = T Arch whoſe 


\ a 
1 9 * 
. Þ x 


Secant is Ty (becauſe then þ=a, and the Arch vikaw 
3 . «3 


Secant is 7, = 0) which therefore when x * become 


> 5 
We? 
- 9 7 
COIN 
= 
$ \ ; 


4 


2 


and F to the Radius Unity. From this Va; | 


- 

* * ; 
L 

. 


The U of Fruxions 
infinite, will be truly defined by. + 2% x whole Perjy _ | 


phery AF, c. Whence it is evident that the Body 
muſt either fly intirely off, or fall to the Center C, in 
a Number of Revolutions expreſſed by +=; accord» 
as the Value of m is poſitive or negative. | 
hus, if 2 = — 2, and m = L, the Body will fly 
intirely off in half a Revolution: And, if z = — 4, 
and m = — 1, it will fall to the Center in half a Re- 
volution. | | | 
EC... Oonenwn ke 
244. Moreover, tho' the Fluent expreſſing the Angle 
at the Center cannot be exhibited in a general Manner 
et there are eertain Caſes of the Exponent (2) where 
its reſpective Values may be derived from each other. 
For let (as above) 243 be put = m, and (ta 
| ſhorten the Operation) let CA (a) be taken as Unity: 
Fhen dur Equation will be transformed to & = 


in 


„ and it will be farther transformed to & = 
m X = —— _ ö 2h 
J 


2 _ „ 


3 22 52 
3+ m— 2-þ* Ry b * n — 2. p. 


N 


88 = = ==: Laſtly, 


2 
r 


* Z, and it will become £ t 


: * — | = =— þ* I — ; 
+ <> os r— 


in nnn. ke. 


(or x 1 == 
r— 24 | 2. K 


— 


18 + 
Fenn” 


=> or 7 2 — = and . hw 


r—2 


12.9 122.9 


Which Expreſſion (excepting the general. Mukiplicator 


=) being exactly of the ſame Form with the firſt 


above given, muſt therefore be the Fluxion of the Angle 
at the Center, when the Index of the Force is — 35 
for the very ſame Reaſans that the former appears to 
the Fluxion thereof when the Index is m— 3 (or u.) 


| oo, if the Fluent of 
2 — „ or the 


X * — — 


1 —29* r—2.4* 


IV 1+ 


Angle at the Center, when the Exponent is — 3 (or 
4 2 z) be denoted by w, the Value 


= 3 5+3 


of 25 (che Meaſure of the ſaid Angle, when er Ex- 


ponent is m— 3 (or n) will be truly defined by — . 


F rom which we collect that, if the i of the 
4 


Force, in any two Caſes, be repreſented by n and 2 


— 3, and the reſpective Dillances from the Center by 


dn i EN 
x and x , then the Anghes themſelves carrelpoading 


to thoſe Diſtances will be every where in the conſtant 


Ratio of 2 to 143. Therefore, when the Orbit 1 | 
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be conſtrufted i in the one Caſe, it alſo m_ in the ober, 


provided the above Equation * (= —_ So 
Fea = 


a+3: 2 2 1 the Relation of the Celerities at i: | 
2+n+1.f* 
does not become impoſiible, as it ans: ſometimes, when 
71 is a * Number. 


0 N 


. III. 


Bn * 


245. If the Bod be ſuppoſed to move in a ver- 


tical Direction A _then, putting the Velocity 


* o, we * 
t ¹ . be ME 
c 5 * 111 ** „ 4 = the Height 


1 
— - n 

to which the Body will aſcend: Hence 2 20*Xao+1+ a ba 
Xa—a(=AH)is the Diſtance through which it muſt 
freely deſcend to acquire the given Celerity at A: This 
Diſtance, in caſe of an uniform Force, when 1 = 0, 
will become = 2 And, when the Force is in- 


verſely as the PR. of the Dance, it will then be = = 
9.4 | | 

2—þ* | | 

But, en þ= 1, or the Velocity at 1 is juſt ſuff- 

cient to a Body in the Circle AEF, A becomes 


Wy — 2 ; | : 
== | X a — a: Which in the two Caſes 
aforeſaid. will be equal to 44, _ ne 3 but, | 


. n 


Co- 


zn Centripetal * 5 


Conotianr IV. 
245. When the Value of z ＋ i is poſitive, the Ve- 


lociry at the Center, where x So, will be barely =" 


3 p + CS * but if the Value of n+ 1 
be negative, the Velocity at the Center will be infinite z 
wo then 0 T js infinite. fs 


CoRoLLany | ; 


247. e when n+1 is * and v . 


finite, the Velocity alſo becomes = = Va P 4 


becauſe then mn = 0. 


SS bn Lf © 517 


. 


greater than E 5 +; 


= 
pa „ the given Velocity at A, as 


+73 


Fo ph 


N | which is to, 


p. And m_ will actually be the Caſe when the Value 5 


2 
— — 1 
but not 8 the ſquare Root of a negative Quan- 


tity being impoſſible. 
Thus, if » = — 2, or the Force be inverſely as the 


of P + —— - bs. politive, or p: greater than 


Square of the DEMS and Ps at the ſame time, greater - 


than 2 (= . =): the | Body will not only continue to 


aſcend in infinitum, but haye a. Velocity always greater | 


chan that defined by Vp 2, which is its Limit, ro 
| Co- 
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ConrorLary VI. 
248, Hence the leaſt Celerity ſufficient to cauſe the 
Body to aſcend for ever in a Right-line is given. For, 


putting Y #* + ——xa'** = o, we have p = 


111 


A 4 — : Therefore the leaſt Celerity by which 


— 1 —1 
the Body might aſcend for ever, is to that whereby it 


may revolve in a Circle AEF, as  —<=— to 


Unity. From which it appears that, if the- Force be 
inverſely as any Power of the Diftance greater than the 


| third, a leſs Velocity will caufe a Body & aſcend ad in- 


Art. 214- 


finitum than would retain it in a Citcle. | 


| Schul. 
249. From the Ratio of the Velocity 
8 by | +) | * a 
( * > y" I the 
Body arrives at any Diſtance x from the Center, to that 


© 2 / ® which it ought to have to revolve in a Circle 
at the ſame Diſtance, it will not be-difficult to determine 
in what Caſes the Body will be forced to the Center, and 
in what others it will continue to fly from it ad infimtum. 
For, firſt, if the Angle CAb be acute, or the B 


from A begins to deſcend, it will continue to do ſo ti 


| latter, or the Quotient A. * + 


greater than Unity; becauſe, if it ever begins to aſcend, 


it actually Arrives at the Center, if the former Velocity, 
during the Deſcent, be not ſomewhere greater than the 
| I 

2 EF." ew A 


+1” +1 n+ 


it 


in Centeipetal Forres: 


jt moſt have an Ae, ns D (where a Right - ine drawn 

from Aug lets the Orbit at Right- angles). and 

there the Celerity muſt evidently be greater than that 

ſufficient to cauſe che Body to revolve in a Circle. 
Secondly, but if the Quantity . 


| 55 F 
Vr o | 


the Body towards the Center, increaſes ſo as to become 
| than Unity, or be every where ſo; then the Ve- 
Xity at all inferior Diſtances being more than ſufficient 
to retain a Body in a Circle at any ſuch Diſtance, the 
Frojectile cannot be forced to the 5 a 
ter the ſame Manner, if the Angle CA4 be ob- 
tuſe, or the Body from A begins to aſcend, it will con- 
tinue to do fo for ever, when the foreſaid Quantity as 
2 than Unity, er, which is the ſame, when 
the Body, in its Receſs from the Center, has in every 
Place through which it paſſeth, a Velocity greater than 
ſufficient to retain it in a Circle at chat Diſtance, 
It therefore now-remains to find id what Laws of the 
rentripetal Force theſe different Caſes obtain: And, firſt, 
it is eafy to perceive chat when the Value of z+1 is poſi- 


. 


nn EM 
tive, . £ "+1 4 W #1 - 


the Body cannot afcend for ever in this Caſe: Neither 
can it deſcend to the Center (except in a Right-line) 
becauſe the foreſaid Quantity, by diminiſhing x, be- 
2 note than Unity (or any other affignable 
But, if the Value of n be betwixt — I, and _— 
the ſaĩd general Expreſſion, taking & inſin e, will allo | 
become infinite, provided che Value of p* + —— be 
poſitive (or p* greater than =). Therefore the 


ESE 


— — 
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Body, in this Caſe, may aſcend ad infinitum, but cannot 


poſlibly fall to the Center (except in a Right-line) ſince, 
= r the Value of the general Expreſſion, 


when x o, is greater than Unity; | 
Laſtly, if » be expreſſed by any negative Num 
greater than — 3, or the Law of the Force be inverſe] 
as any Power of the Diſtance greater than the third, the 


two extreme Values of W p* + 0 3 2} 


a1. 


* 


will, Vill, be denoted as in the preceding Caſe; but 
here the latter of them, V. — , is leſs than Unity: 
Therefore the Body muſt, in this Caſe, either aſcend for 


ever, or be forced to the Center; except in one parti- 
cular Circumſtance, hereafter to be taken notice of. 
Now, from theſe Obſervations we gather, | 
19. That, when the centripetal Force is as any Power 
of the Diſtance Grey, or leſs than the /firſt Power 
thereof inverſely, the Orbit will always have an higher 
and a lower Apſe; beyond which the Body cannot 
aſcend or deſcend.  _. . . 
2. That, when the centripetal Force is inverſely 
as any Power of the Diſtance _ or broken) be- 
twixt the firſt and third, the Orbit will alſo have two 


Azſidis, if p be leſs chan — but otherwiſe, 


only one; in. which laſt Caſe the Body, after it has 
paſſed its Apſe, will continue to recede from the Center 
in infinitum. 17 Boat 


35. That when the Force is inverſely as any Power | 
greater than the third, the Orbit can, at moſt, have but 


one Apſe; but, in ſome Caſes, it will have none at all: 
And it may be worth while to inquire here, under what 


Reſtrictions of the Velocity (p) this will happen; ſince 
thereby, beſides being able to know when the Body _ 


fe tothe Caen ts mea lu all-upon- «Gi 
cumſtance ſomewhat remarks 
| Now it appears, that, if. the Body: from: A begins to 


1 


in a . in ier . general Expreflion 


. the Orbit, 5555 to "nothing 


(it ng = o at the Apſides. Phen, fromi 


\duly order d. we: mull get + 7 5 | 


1 1s: i Owe 0 2991 1 4 1 2 - * 14 5 u 1 
r * 33 £% 1 E, 0 
7 1 _ 2 We 2 - bY 0 5 10 1 1 «ip 6 ; 
2+ T | and LE 
2 "Fo 2 — 
2 * of 7 "+ ma 4+ x bl o Vr > 5 
i 227 Deren 4 $ 4 Doren — Gn" 5 


15 = Ju 
Er: xj es 5 15 Now; bee if che 


Value of p be g than is given from the laſt Equa- 
tion, the Onde in an Apſe; but if leſs, — 
have none. In the former Caſe, the Body will there 


fore fly quite off; and in the latter, it will be forced to 


the Center. But we are now, naturally, led to _— 
what will be the Conſequence when the Value of p is 
neither greater nor Jeſs, but exaQlythe ſame as given from 


the foreſaid Equation: This is the Caſe above hinted at; | 
and here the Body will continue to deſcend for ever in a 
Spiry} 3 yet never ſo low as to enter on the Circle 


* —— 1 72h : 
-whoſe Radius ds is = 75 * 4. For, if 


1 


dend, ĩt muſt, hen ii chmee: to: an; Apſt at D. have 
a. Veloghy there greater) than is ſuffeient to retain it 


* 
m ²— WO EET — 
= 9 2 * ' = 
. * ö . a 
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